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Different fracture modes have been observed in thin film structures. One common 
approach used in fracture analysis is based on the principle of linear elastic fracture 
mechanics (LEFM), which assumes pre-existing cracks and treats the materials as linear 
elastic except for the damage zone around the crack tip. Alternatively, a nonlinear 
cohesive zone model (CZM) can be used to simulate both nucleation and growth of 
cracks. In this dissertation, the approaches of LEFM and CZM are employed to study 
fracture and delamination of elastic thin films on compliant substrates under various 
loading conditions. 
First, compression-induced buckling of elastic thin films on elastic compliant 
substrates is studied by analytical and numerical methods. The critical condition for onset 
of buckling instability without and with a pre-existing delamination crack is predicted. 
By comparing the critical strains, a map for the initial buckling modes is constructed with 
respect to the film/substrate stiffness ratio and the interfacial defect size. For an elastic 
film on a highly compliant substrate, nonlinear post-buckling analysis is conducted to 
simulate concomitant wrinkling and buckle-delamination, with a long-range interaction 
between the two buckling modes through the compliant substrate. By using a layer of 
cohesive elements for the interface, progressive co-evolution of wrinkling and 
 vii 
delamination is simulated. In particular, the effects of interfacial properties (strength and 
toughness) on the initiation and propagation of wrinkle-induced interfacial delamination 
are examined. 
Next, using a set of finite element models, the effects of interfacial delamination 
and substrate penetration on channel cracking of brittle thin films are analyzed. It is 
found that, depending on the elastic mismatch and the toughness of interface and 
substrate, a channel crack may grow with interfacial delamination and/or substrate 
cracking. By comparing the effective energy release rates, the competition between the 
two fracture modes is discussed. Cohesive zone modeling is then employed to simulate 
nucleation and growth of delamination and penetration from the root of a channel crack. 
By comparing the results from the approaches of LEFM and CZM, the characteristic 
fracture resistance from small-scale bridging to large-scale bridging is identified. 
Finally, to determine the nonlinear traction-separation relation for cohesive zone 
modeling of a bimaterial interface, a hybrid approach is developed by combining 
experimental measurements and finite element simulations. In particular, both analytical 
and numerical models for wedge-loaded double cantilever beam specimens are 
developed. A two-step fitting procedure is proposed to determine the interface toughness 
and strength based on the measurements of the steady-state crack length and the local 
crack opening displacements. 
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1.1 Background and motivation 
Thin film materials on mechanically compliant substrates are used in a wide range 
of technological applications. For example, low-k dielectric materials with increasingly 
low stiffness and strength are required for high performance integrated circuits in 
microelectronics [1, 2]. In stretchable electronics [3-6], compliant polymer substrates 
have to be used extensively along with mechanically stiffer films for functional devices 
and interconnects. Similar layered structures integrating soft and hard materials are 
abundant in nature [7, 8]. Due to the sharp contrast in their mechanical properties, the 
mechanical interaction between a stiff film and a compliant substrate leads to a rich 
variety of phenomena that either limit or inspire practical applications of the hybrid 
system. Among others, buckling and cracking of thin films are commonly observed. They 
represent two major failure mechanisms for many applications. On the other hand, they 
have also been exploited as enabling mechanisms for a variety of novel applications [9-
13]. 
Figure 1.1 shows optical images of various wrinkle patterns by Bowden et al. [9]. 
A thin metal film was deposited on heated PDMS substrate. Upon cooling, a biaxial 
compressive stress was induced in the film and caused surface wrinkling as a result of 
mechanical instability. To generate ordered wrinkle patterns, pre-defined bas-relief 
2 
 
surface patterns were introduced. Alternatively, by mechanically applying uniaxial 
compression, parallel wrinkles (with defects) can be generated, as shown in Fig. 1.2. With 
a simple mechanics model that relates the wrinkle wavelength to the elastic modulus of 
the thin film, the wrinkling phenomenon has been used in thin film metrology to measure 
the elastic moduli of thin films [14, 15].   
 
   
Figure 1.1: Optical images of wrinkle patterns [9]. 
 
 
Figure 1.2: AFM height images of parallel wrinkle patterns of PS films supported on 
PDMS for a series of film thicknesses (hf). For all images, the scan size is 7.5 μm × 7.5 
μm and the height scale is 500 nm. Adopted from Stafford et al. [16]. 
 
Buckling of thin films has also been observed along with interfacial delamination. 
(a) (b) (c) 
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Figure 1.3a shows a telephone cord blister due to buckle-delamination of a diamond-like 
carbon (DLC) film on a glass substrate [17]. On a compliant substrate, both surface 
wrinkling (without delamination) and buckle-delamination have been observed [18-20].  
Figure 1.3b shows an optical micrograph of a PS film (Ef ≈ 4 GPa, hf ≈ 300 nm) on 
PDMS (Es ≈ 0.5 MPa), with both surface wrinkling and buckle-delamination [21]. 
Apparently, the interfacial property plays an important role in determining the buckling 
mode (i.e., with or without delamination). It has been suggested that measurement of the 
buckling profile (along with the delamination width) may provide a convenient method 
for characterizing interfacial adhesion [20, 22, 23].  
 
           
Figure 1.3: (a) A telephone cord blister due to buckle-delamination of a DLC film on a 
glass substrate [17]; (b) An optical micrograph of a PS film on PDMS, with both surface 
wrinkling and buckle-delamination [21]. 
 
Fracture of a brittle thin film under tension results in channel cracks, as shown in 
Fig. 1.4.  The driving force for growth of a channel crack depends on the mechanical 
constraint of the substrate [24, 25]. As a result, the crack driving force can be lowered by 
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Both buckling and cracking of thin films have been studied extensively over the 
last decades [38, 39]. However, the effects of interfacial properties have not been well 
understood, especially for thin films on compliant substrates. On one hand, buckling or 
cracking of thin films may induce growth of interfacial delamination. On the other hand, 
interfacial delamination may determine the buckling mode and affect the crack driving 
force. This dissertation presents a systematic study on the mechanical interaction between 
elastic thin films and elastic compliant substrates through the interfaces based on 
theoretical modeling and numerical simulations. Both buckling and cracking are 
considered, with an emphasis on the effects of interfacial delamination. 
1.2 Interfacial fracture mechanics 
Two approaches are commonly used for the study of interfacial delamination. One 
is based on linear elastic fracture mechanics (LEFM), and the other is by cohesive zone 
modeling (CZM). Both approaches are used in the present study. For completeness, a 
brief summary of the two approaches is presented in this section. 
1.2.1 Linear elastic fracture mechanics 
Consider a crack along the interface between two isotropic elastic solids as shown 
in Fig. 1.6. By the LEFM approach, the stress field around the crack tip is analyzed to 
determine the driving force (i.e., elastic energy release rate) for growth of the interfacial 
crack, and the criterion for crack growth is established by comparing the energy release 
rate to the fracture toughness (or adhesion energy) of the interface. Solutions to 
bimaterial interface crack problems were presented by many since 1950s [40-44], which 
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have been summarized by Rice [45] and Hutchinson and Suo [39]. Under the plane-strain 
condition, the singular stress field around the crack tip is represented by using a complex-
valued interfacial stress intensity factor, K = K1 + iK2, where K1 and K2 are the real and 
imaginary parts, respectively, and they play similar roles to the conventional mode I and 
mode II stress intensity factors. The normal and shear tractions on the interface directly 


















21 =     (1.1) 
where r is the distance from the crack tip, and ε is the index of oscillatory singularity 


















     (1.2) 
Two Dundars’ parameters are defined to characterize the mismatch in the elastic 
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where ( )21 ν−= EE  is the plane strain modulus and v is Poisson’s ratio, with the 
subscripts f and s for the film and substrate, respectively. Note that α = β = 0 when the 
two materials have identical elastic properties. For a stiff film on a relatively compliant 
substrate, α > 0, and it approaches 1 when the substrate is extremely compliant compared 
to the film. In plane strain problems, β vanishes when both materials are incompressible 
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Figure 1.6: A crack lies in the film-substrate interface. 
 
Due to asymmetry in the elastic moduli with respect to the interface, an interfacial 
crack is typically under the mixed-mode condition. When ε = 0, the interfacial crack-tip 
stress field reduces to the homogeneous crack-tip field, where K1 and K2 are the 
conventional mode I and mode II stress-intensity factors. In this case, the ratio of the 
shear traction to the normal traction is simply K2/K1, which defines the mode mix. When 
ε ≠ 0, however, the stress field around an interfacial crack tip in general cannot be 
decoupled into pure mode I (opening) and mode II (shearing) fields. The definition of 
mode mix as a measure of the proportion of mode II to mode I requires a length quantity 
since the ratio of the shear traction to the normal traction varies with the distance r. As 
suggested by Rice [45], an arbitrary length scale (l) may be used to define a phase angle 





















The choice of the length l can be based on the specimen geometry, such as the film 
thickness, or on a material length scale, such as the plastic zone size at the crack tip. 
The energy release rate for a crack advancing along an interface is related to the 




















   (1.5) 
The energy release rate can also be calculated by the J-integral method [41, 47]. The 
criterion for growth of an interfacial crack is then stated as G = Γ(ψ), where Γ is the 
interface fracture toughness as a function of the phase angle ψ. Based on such a criterion, 
the interface fracture toughness can be measured experimentally [48-51]. 
The LEFM approach assumes that a crack pre-exists and the materials are elastic 
except for the damage zone (or process zone) localized around the crack tip, whose size is 
much smaller compared to a characteristic size such as the film thickness and the crack 
length. The microscopic mechanisms of fracture are essentially ignored, and all material 
aspects are lumped into one parameter, fracture toughness, to qualify the material 
resistance to fracture. 
1.2.2 Cohesive zone models 
The LEFM approach cannot predict crack nucleation. Furthermore, when the 
nonlinear process zone size becomes comparable to or larger than the characteristic size 
(e.g., the film thickness), the small-scale process zone assumption of LEFM becomes 
invalid and a nonlinear fracture mechanics approach is required. By using cohesive zone 
9 
 
models, both nucleation and growth of interfacial delamination can be analyzed [52-58].  
The first cohesive zone model may be dated back to 1950s by Barrenblatt [59], 
who modeled the separation process for purely brittle fracture by using an array of 
nonlinear springs, characterized by a traction-separation curve. In his model, two halves 
of a body were joined by an array of nonlinear springs, and the boundary-value problem 
was solved by combining the nonlinear springs with the linear elastic body. An early 
example of nonlinear fracture mechanics with large-scale bridging was introduced by 
Dugdale [60], who observed that the plastic zone ahead of a crack tip in a thin sheet of 
mild steel was primarily a narrow strip of height comparable to the sheet thickness 
(localized plastic deformation, or necking), while the length of the strip was much longer. 
The elastic-plastic fracture problem was then modeled by an elastic plane-stress problem 
with a strip of plastic zone ahead of each crack tip. Barenblatt [61] generalized the plastic 
strip model to a cohesive zone model (CZM) in which the stress in the cohesive zone 
ahead of the crack is a function of the displacement rather than a constant yield stress. 
Cottrell [62] put forward the concept of crack bridging as a unifying theory for fracture at 
various length scales, from atomic bond breaking in monolithic ceramics to fiber pull-out 
in composite materials. In each case, the microscopic mechanisms of fracture and 
associated inelastic processes are represented by a bridging law that relates the face 
tractions in the bridging zone (or cohesive zone) to the relative displacements, as 
illustrated in Fig. 1.7. The essential features of crack bridging were reviewed by Bao and 
Suo [63], emphasizing their implications for strength and fracture resistance of ceramic 
matrix composites. The concept has also been widely used for modeling interfaces 
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Figure 1.7: A few examples for the traction-separation relationship as the bridging law 
for the cohesive zone modeling: (a) constant traction for perfect plasticity [60]; (b) 
smooth nonlinear [65]; (c) trapezoidal [66]; (4) bilinear or triangular [54].  
 
Unlike LEFM where no microscopic details in the damage zone are mentioned, 
the bridging law or the traction-separation relation in the cohesive zone model depends 
on the material and the associated fracture mechanism. For example, in an ideally brittle 
material, fracture occurs by atomic bond breaking, for which a bridging law may be 
derived from an interatomic bond potential. For metals, however, the fracture mechanism 
is different, with large plastic deformation (local necking) and void nucleation, growth, 
and coalescence ahead of the crack tip. The bridging law, σ(δ), may be derived from 
detailed micromechanics models or may be determined experimentally [65, 66]. On the 
other hand, relatively simple bridging laws are often used in theoretical and numerical 





























zone [60]. A triangular or trapezoidal shaped traction-displacement curve is frequently 
used in practice [54, 57, 66]. In any case, the maximum stress σ0 and the critical 
displacement δc (or fracture toughness Γ) are the two most important parameters. Given a 





~)(∫=Γ     (1.6) 
For brittle fracture, an order-of-magnitude estimate gives that Γ ~ 1 J/m2, which is 
essentially the surface energy per unit area of the solid. For ductile fracture of metals, σ0 
corresponds to the yield stress (~108 N/m2) and δc is typically in the order of 10-6 m 
(depending on the microstructures), which lead to a fracture energy much higher than the 
surface energy, Γ ~ 102 J/m2. 
Cohesive zone modeling is particularly suitable for adhesion and debonding of 
interfaces between two dissimilar materials [64], where the constituent materials can be 
either linear elastic or elastic-plastic. Depending on the material systems, the maximum 
stress of the interfacial bridging law σ0 can be either small or large compared to the yield 
stresses of the constituent materials. When σ0 is greater than the yield stress, plastic 
deformation in the constituent material occurs during interfacial fracture, and the total 
energy of fracture is greater than the intrinsic fracture energy of the interface (Γ~ σ0δc). 
Therefore, the effect of plasticity can be analyzed by coupling the bridging law for the 
interface with continuum elastic-plastic models for the constituent materials [67]. 
The size of the bridging zone ahead of the crack tip may be estimated under the 
condition of small-scale bridging (similar to the small-scaling yielding condition for 
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linear elastic fracture mechanics). Assume that the bridging zone size is small compared 
to the crack size, L << a. In this case, the external load can be represented by the stress 
intensity factor K or energy release rate G, ignoring the details of the bridging zone. The 
crack starts to grow when G = Γ0, where Γ0 is the fracture energy for initiation. As the 
crack front advances, a bridging zone develops (see Fig. 1.8). An application of the J-
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Figure 1.8: A schematic of cohesive zone and R-curve (small-scale bridging model [63]). 
 
where *δ  is the opening displacement at the end of the cohesive zone and tipG  is the 
energy release rate at the crack tip. While fracture at the tip of the bridging zone occurs 
with Gtip = Γ0, the energy dissipation in the bridging zone requires a larger energy release 
rate G > Γ0, as the size of the cohesive zone increases. The size of the bridging zone L 
increases as the applied load increases, until a steady state is reached when the separation 
at the end of the cohesive zone reaches the critical value, δ* = δc. Subsequently, the 
13 
 
cohesive zone size remains a constant, L = Lss, as the crack grows. The required energy 






     (1.8) 
The so-called resistance curve (R-curve) is obtained by plotting the energy release 
rate as a function of the crack extension, in which G increases from Γ0 to Gss (Fig. 1.8). 
To determine the R-curve and the steady-state cohesive zone size, a boundary value 
problem has to be solved. Within the cohesive zone, the face traction is related to the 
opening displacement by the traction-separation relation. The outer boundary condition is 
given by the K field corresponding to the applied energy release rate G, under the 
condition of small-scale bridging. A dimensional analysis [63] leads to scaling law for the 







EGL      (1.9) 
However, the small-scale bridging condition is rarely satisfied in practice for 
composites and interfaces. When large-scale bridging occurs, the R-curve depends 
sensitively on the specimen geometry and thus cannot be used to predict the strength and 
load carrying capacity of components of different sizes and geometry. A full-scale stress 
analysis coupling the specimen geometry and the bridging law must be carried out to 
predict the mechanical properties including the resistance to fracture [63]. In the case of 
interfacial fracture, the traction-separation relation must be experimentally characterized 
and then incorporated in the stress analysis as part of the material properties to analyze 
the interfacial reliability.  
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1.3 Implementation of cohesive zone model in ABAQUS 
The cohesive zone model has been implemented in the commercial finite element 
package, ABAQUS [68]. In particular, cohesive elements are defined along the potential 
paths of crack growth (e.g., a bimaterial interface). The constitutive properties of the 
cohesive elements are specified in terms of the traction-separation relation. Several types 
of traction-separation relations have been implemented, and self-developed user 
subroutines may be developed for the cohesive elements with non-standard traction-
separation relations. As mentioned, many previous studies [53, 57, 69] have shown that 
cohesive strength and fracture toughness are the two most important parameters, and the 
shape of the traction-separation relation is secondary and often ignored. For the present 
study, the bilinear traction-separation relation as implemented in ABAQUS is adopted in 
all models with cohesive elements. Similar cohesive zone models have been used in 
previous works [70-72]. 
Figure 1.9 illustrates the parameters required to define the interfacial elements: an 
initial elastic stiffness K0, a cohesive strength σ0, and a critical separation δc (or interface 
toughness Γ). Subject to an opening stress σ, the interface first opens elastically with the 
initial stiffness until the stress reaches the cohesive strength of the interface (σ = σ0), at 
which point damage initiation occurs. A damage parameter D is used to describe the state 











cD     (1.10) 
where δ0 = σ0/K0 is the critical separation for damage initiation and δmax is the maximum 
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separation for the interface element over the entire loading history. When the interface 
element is partly damaged (0 < D < 1), the opening stress is related to the opening 
displacement linearly as 
δσ 0)1( KD−=     (1.11) 
During loading, δmax = δ, and the damage parameter D increases as the opening 
displacement increases. Combining Eqs. (1.10) and (1.11) gives that the stress decreases 








c     (1.12) 
When δ ≥ δc , D = 1 and σ = 0, indicating that the cohesive element is fully fractured. 
During unloading, δmax remains as a constant, and so does D. Therefore, the stress 
decreases linearly as the opening displacement decreases, with the slope K = (1-D)K0, as 
























The effect of mode mix for interfacial delamination may be taken into account by 
defining the traction-separation laws separately for the opening and shearing fracture 
modes (modes I, II, and III), each with a set of similar parameters as the opening mode. 
The criteria for mixed-mode damage initiation and final failure must be specified, which 
may be used to simulate mode-dependent fracture processes. In the present study, the 
effect of mode mix is ignored in the cohesive zone modeling by taking identical 
parameters for both opening and shearing modes. 
1.4 Scope of this dissertation 
In this dissertation, based on the approaches of LEFM and cohesive zone 
modeling, the common failure mechanisms of elastic thin films on compliant substrates 
under tensile and compressive film stresses are studied, with a focus on the effects of 
interfacial delamination. Furthermore, a hybrid approach combining numerical 
simulations with experimental measurements is developed to determine traction-
separation relations for cohesive zone modeling of interfacial delamination. This 
dissertation is organized as follows.  
As an introduction, Chapter 1 gives a brief account of the background and 
motivation for this work. A summary of the linear elastic fracture mechanics of interfaces 
and cohesive zone models is presented. 
Chapter 2 presents a study on compression-induced buckling of elastic thin films 
on elastic compliant substrates by analytical and numerical methods. The critical 
condition for the onset of buckling instability without and with a pre-existing 
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delamination crack is predicted along with the initial buckling mode. For an elastic film 
on a highly compliant substrate, nonlinear post-buckling analysis is conducted to simulate 
concomitant wrinkling and buckle-delamination. By cohesive zone modeling, progressive 
co-evolution of wrinkling and delamination is simulated.  
Chapter 3 considers fracture of brittle thin films on elastic substrates, focusing on 
the effects of interfacial delamination and substrate penetration. The competition between 
delamination and penetration is discussed by comparing the effective energy release rates 
based on LEFM. Cohesive zone models are employed to simulate interfacial 
delamination and substrate penetration emanating from the root of a channel crack. 
In Chapter 4, by combining experimental measurements with cohesive zone 
modeling, a hybrid approach is developed to determine the traction-separation relation for 
a bimaterial interface. 
In conclusion, Chapter 5 summarizes the results from the present study and 





Buckling of elastic thin films on elastic substrates 
 
Compressing a thin elastic film attached to a thick compliant substrate can lead to 
buckling instability. Compression-induced buckling and surface wrinkling were first 
studied as potential failure mechanisms for the stiff skin layers in sandwich panels for 
aircraft structures [73, 74]. Recent interests in micro/nano-scale thin film materials have 
exploited the mechanical instability as an enabling mechanism for novel applications [10-
13]. Meanwhile, mechanics of surface wrinkling has been studied extensively over the 
last decade [75-85]. While most of these studies have assumed perfect bonding between 
the film and the substrate, it has been occasionally pointed out that wrinkling may cause 
interfacial delamination [75, 86-89]. On the other hand, interfacial delamination is a 
necessary condition for buckling of thin films attached to relatively stiff substrates [17, 
90, 91]. Simultaneous buckling and delamination has also been observed in compressed 
thin films on compliant substrates [18-20]. More recently, some experiments have shown 
both surface wrinkling and buckle-delamination co-existing in the same film/substrate 
system [21]. 
The characteristics of the two buckling modes are often observable in experiments, 
with periodic patterns for surface wrinkling (Fig. 2.1a) and localized patterns for buckle-
delamination (Fig. 2.1b). One question to be answered is: what determines the selection 
of either buckling mode for a given material system? Furthermore, when the two buckling 
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2.1 Wrinkling, with no delamination 
2.1.1 Analytical solution 
Consider an elastic thin film on an elastic compliant substrate, subject to lateral 
compression. Both the film and the substrate are taken to be linear elastic and isotropic, 
restricted to small, plane-strain deformation for the present study. Let h be the thickness 
of the film, while the substrate is considered infinitely thick. Let ε be the nominal 
compressive strain, relative to the stress-free state of the film. When ε is relatively small, 
the film/substrate bilayer is uniformly compressed and the surface is flat. When the strain 
exceeds a critical value, the film buckles and the substrate deforms coherently, forming 
surface wrinkles, as illustrated in Fig. 2.1a. The interface between the film and the 
substrate is assumed to be perfectly bonded in this section, and the effect of interfacial 
delamination will be discussed in Section 2.2. A well-known analytical solution predicts 
the critical strain for onset of wrinkling [78, 92]:  











+=ε     (2.1) 
where k is the wave number so that kπλ 2=  is the wrinkle wavelength, )1( 2ν−= EE   
is the plane-strain modulus with E for Young’s modulus and ν for Poisson’s ratio, and the 
subscripts f and s denote the film and substrate, respectively. For a given ratio, fs EE , the 
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Eε      (2.3) 
In deriving the above analytical solution, the shear traction at the film/substrate 
interface was assumed to be zero. Alternatively, by assuming zero tangential 
displacement at the interface, a similar analytical solution was obtained [82, 93]. The two 
solutions are identical if the substrate is incompressible (νs = 0.5), in which case both the 
shear traction and tangential displacement are zero. However, when the substrate is 
compressible (νs < 0.5), neither the shear traction nor the tangential displacement is zero 
at the interface as the film wrinkles. As a result, neither analytical solution accurately 
accounts for the effect of Poisson’s ratio of the substrate, which could cause considerable 
errors in prediction of the critical strain as well as subsequent evolution of wrinkles [85]. 
Here we present a more accurate analytical solution, taking into account both the shear 
traction and the tangential displacement at the interface. 
The deformation of the thin film is described by the linear plate equations, which 
are sufficient for linear perturbation analysis here to predict the critical condition for 
onset of wrinkling. Assume a small perturbation with normal deflection (w) and 













udhE f=τ       (2.5) 
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where q and τ are the normal and shear tractions at the film/substrate interface, 
respectively. 
Both the displacements and the tractions are assumed to be continuous across the 
interface. Consequently, in addition to Eqs. (2.4) and (2.5), they are related to each other 
by the equilibrium condition for the substrate. Assume a pair of periodic tractions,
( )kxm sinττ =  and ( )kxqq m cos= , acting on the surface of an infinitely thick substrate. By 
solving the equations of linear elasticity under the plane-strain condition [93], the surface 
displacements of the substrate are obtained as 
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  (2.9) 
By setting the determinant of the coefficient matrix in Eqs. (2.8) and (2.9) to zero, we 
obtain the critical strain for wrinkling as a function of kh,  

























































νε  (2.10) 
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For a very compliant substrate, assuming khEE fs 2<< , the critical strain in Eq. (2.10) is 
approximately 












































νε   (2.11) 
Both Eqs. (2.10) and (2.11) reduce to (2.1) when νs = 0.5. 








































νπλ    (2.12) 









































νε     (2.13) 
Figure 2.2 shows the effect of Poisson’s ratio (νs) on the critical strain and the 
wrinkle wavelength, comparing the analytical solutions in Eqs. (2.12) and (2.13) with 
those in Eqs. (2.2) and (2.3). As νs increases, the ratio between the two critical strains, 
***
cc εε , decreases, while the ratio between the two wrinkle wavelengths, 
*** λλ , 
increases. For an incompressible substrate (νs = 0.5), both ratios are identically one. For a 
compressible substrate (νs < 0.5), however, Eq. (2.3) underestimates the critical strain and 
Eq. (2.2) overestimates the wrinkle wavelength. The difference can be significant, up to 




    
Figure 2.2: Effects of the substrate Poisson’s ratio on wrinkling: (a) critical strain for 
onset of wrinkling; (b) wrinkle wavelength. 
 
Beyond the critical strain, the wrinkle amplitude grows as a function of the 
nominal strain ε. An approximate solution for the wrinkle amplitude was obtained 
previously by a nonlinear approach that minimizes the strain energy in the film and the 
substrate [92, 93]. For an arbitrary wavelength (λ), the equilibrium wrinkle amplitude is  
( ) cWA εεπ
λλ −=     (2.14) 





ε     (2.15) 
Apparently, using an underestimated critical strain would result in an overestimate of the 
wrinkle amplitude by Eq. (2.14) or (2.15). Thus, the prediction of wrinkle amplitude 
should also take into account the effect of substrate Poisson’s ratio, which however is 
beyond the analytical approach. 
















































2.1.2 Finite element analysis of wrinkling 
Next we present results from finite element analysis (FEA) of wrinkling, in 
comparison with the analytical solution. As illustrated in Fig. 2.3, a two-dimensional (2D) 
plane-strain model is constructed using the commercial FEA package, ABAQUS. Besides 
the film thickness h, the thickness of the substrate is H and the length is L in the FEA 
model. The effects of H and L on the results will be discussed. The film/substrate bilayer 
is subject to compression by a prescribed horizontal displacement ( û ) along the right side, 
while the horizontal displacement is zero along the left side. The nominal compressive 
strain is thus, Lû=ε . The shear traction is zero on both sides. The lower surface of the 
substrate is subject to zero normal displacement and zero shear traction, while the upper 
surface of the film is traction free. Both the film and the substrate are modeled by 2D 
quadrilateral elements (CPE8R). A uniform mesh is used for the film with at least 4 
elements across the film thickness. The mesh size for the substrate is graded in the 
thickness direction, finer near the interface. The mesh independence of the numerical 
results is constantly checked and confirmed. An alternative finite element method is 
described in Appendix A, in which the substrate is treated analytically as a semi-infinite 
half plane and the film is modeled by using one-dimensional (1D) elements. The results 
from both methods will be compared. For most numerical results in this chapter, we set 
the linear elastic material properties for the film and the substrate with Ef /Es =1000 and vf 
= vs =1/3. The high modulus ratio represents a typical material system with a stiff skin 












Figure 2.3: Schematic illustration of the finite element model for wrinkling. 
 
     
Figure 2.4: Effect of substrate thickness on the finite element analysis of wrinkling: (a) 
critical strain; (b) wrinkle wavelength. The material properties are Ef /Es = 1000, and vf  = 
vs =1/3. The horizontal dashed lines indicate the analytical solutions for an infinitely thick 
substrate. 
 
A linear eigenvalue analysis is performed with the finite element model to predict 
the critical strain for onset of wrinkling and the corresponding eigen mode. To compare 
with the analytical solution for an infinitely thick substrate, we examine the effect of the 

























































for the subsequent analysis. Figure 2.4a shows the critical strain as a function of H by the 
finite-element eigenvalue analysis, and Fig. 2.4b shows the corresponding wrinkle 
wavelength of the eigen mode. Both the critical strain and the wrinkle wavelength 
become independent of the substrate thickness for H > 20h, while the wrinkle wavelength 
is about 40h. To simulate an infinitely thick substrate, we set H = 100h in the 2D finite 
element model unless noted otherwise. 
Figure 2.5 compares the FEA results with the analytical solution in Eq. (2.11) for 
different values of Poisson’s ratio (νs). Each eigenvalue analysis predicts a set of 
eigenvalues and eigen modes, based on which the critical strain for each eigen mode of a 
particular wavelength is obtained. To satisfy the prescribed boundary conditions, the 
wavelengths of permissible eigen modes take discrete values such that L/λ = n/2 (n = 1, 
2, …). For a finite length L, e.g., L = 120h in the present model, the critical strain is 
obtained as discrete points in Fig. 2.5. On the other hand, the analytical solution for the 
critical strain in Eq. (2.11) is plotted as continuous solid lines. The numerical results 
agree closely with the analytical solution, showing an appreciable dependence on 
Poisson’s ratio. In particular, for vs = vf =1/3, the minimum critical strain predicted by the 
analytical solution in Eq. (2.13) is 00543.0** =cε  and the corresponding wrinkle 
wavelength is λ** = 42.6h. With a discrete set of eigen modes for the finite element model, 
the wavelength of the first eigen mode is λ = 40h, with the critical strain εc = 0.00556. 
Due to the slightly different wavelength, the minimum critical strain obtained by FEA is 
slightly higher than the analytical solution. The agreement can be improved by using a 
larger value of L or by choosing L to be a multiple of the predicted wrinkle wavelength 
28 
 
(λ**). The results from the 2D and 1D finite element methods are practically 
indistinguishable for the eigenvalue analysis. 
 
 
Figure 2.5: Critical strain for wrinkling from the finite element eigenvalue analysis, in 
comparison with the analytical solution in Eq. (2.11), with Ef /Es = 1000, and vf  = vs =1/3. 
 
To simulate wrinkle growth beyond the critical strain, a nonlinear post-buckling 
analysis is performed with the 2D finite element model. The first eigen mode obtained 
from the linear analysis is used as the initial geometric imperfection to trigger buckling 
instability. Figure 2.6 shows the wrinkle amplitude as a function of the nominal strain. 
For comparison, the approximate analytical solution in Eq. (2.14) is plotted as a 
continuous solid line with λ = 40h and εc = 0.00556 for the first eigen mode. The 
numerical results vary slightly as the amplitude of the initial imperfection (A0/h) varies. 
The onset of wrinkling at the critical strain becomes less abrupt if the amplitude of the 
initial imperfection is relatively large. Using a small initial imperfection (A0/h = 10-4), the 
































numerical results compare closely with the analytical solution, with an abrupt transition 
at the critical strain. In the 1D finite element model, instead of the geometric imperfection, 
a displacement perturbation is introduced for the post-buckling analysis, and the wrinkle 
amplitude is found to be in excellent agreement with the analytical solution with no 
dependence on the perturbation amplitude. It is thus concluded that the analytical solution 
in Eq. (2.14) is a good approximation for the wrinkle amplitude as long as the critical 
strain and the wrinkle wavelength are used accurately. By setting **λλ =  and **cc εε =  in 





ε      (2.16) 
The effect of the substrate Poisson’s ratio on the wrinkle amplitude is thus fully 
accounted for by using the critical strain in Eq. (2.13) instead of Eq. (2.3). 
 
 
Figure 2.6: Wrinkle amplitude as a function of the nominal strain, comparing the results 
from post-buckling finite element analysis with the analytical solution in Eq. (2.14) for 
Ef/Es = 1000, and vf  = vs =1/3. 
































2.1.3 Wrinkle-induced delamination 
As the wrinkle amplitude grows, the normal and shear tractions acting on the 
film/substrate interface increase, which may cause delamination [75, 86, 88]. To estimate 
the interfacial tractions in the nonlinear post-buckling regime, we assume zero tangential 
displacement in Eq. (2.6) so that the maximum shear traction is linearly related to the 










     (2.17) 
Inserting Eq. (2.17) into (2.7) along with (2.14) for the wrinkle amplitude, we obtain the 














14 2     (2.18) 
Alternatively, the normal traction may be estimated by assuming zero shear 
traction in Eq. (2.7). By comparing to the FEA results, as shown in Fig. 2.7, it is found 
that the zero tangential displacement assumption offers a better approximation for 
estimating the wrinkle-induced tractions at the interface. The maximum normal traction 
by FEA follows Eq. (2.18) remarkably well. While the formula in Eq. (2.17) 






Figure 2.7: The maximum normal and shear tractions at the film/substrate interface, in 
comparison with the analytical solutions in Eqs. (2.17) and (2.18). The tractions are 
normalized by the substrate modulus sE .  
 
The close agreement for the maximum normal traction in Fig. 2.7 suggests that 
the formula in Eq. (2.18) may be used as a good approximation to estimate the critical 
strain for initiation of wrinkle-induced interfacial delamination. As will be shown in 
Section 2.4 by using a cohesive zone model, the initiation of delamination is 
predominantly determined by the strength of the interface subject to the normal traction. 
Similar results have been reported by Goyal et al. [88]. By setting the maximum normal 
traction in Eq. (2.18) equal the interfacial strength ( intσ̂ ), we obtain the critical strain for 






















νεε     (2.19) 
where εc is the critical strain for wrinkling with no delamination as given in Eq. (2.10) or 
(2.11), and intσ̂  is the peak stress in the normal traction-separation relation for the 

























interface as described by a cohesive zone model [64]. Beyond the critical strain εWID, the 
interfacial delamination grows concomitantly with wrinkling. As a result, the two 
buckling modes, wrinkling with no delamination and buckle-delamination, may co-exist 
and interact with each other. Equation (2.19) suggests that for applications that require 
perfect bonding at the interface, a strength criterion may be used to determine the critical 
nominal strain for wrinkle-induced interfacial delamination. 
2.2 Onset of buckling, with delamination 
For a thin film bonded to a relatively stiff substrate, wrinkling is unlikely, due to 
the effect of substrate constraint that requires a high critical strain for wrinkling without 
delamination. However, with defects at the film/substrate interface, such as partial 
delamination of the film, buckling of the film under compression may occur, which in 
turn drives growth of delamination (Fig. 2.1b), known as buckle-delamination [17, 39, 
91]. The co-development of buckling and delamination leads to abundant blister patterns 
such as telephone-cord blisters. Compared to wrinkling, the buckle-delamination patterns 
are typically localized and sensitive to interfacial defects [17, 94]. For a compliant 
substrate, with the presence of interfacial delamination, both wrinkling and buckle-
delamination are possible and they may co-exist [21, 87]. In this section, we discuss the 
effect of pre-existing interfacial delamination on the critical strain for onset of buckling 
and the initial buckling mode. 
2.2.1 Semi-analytical solution 
Early studies of buckle-delamination often assumed a fixed-end condition at the 
33 
 
edge of delamination, which essentially neglected the effect of elastic deformation in the 
substrate [39]. Under such a condition, the critical strain for onset of buckling is identical 












πε      (2.20) 
where b is the half-width of the delamination (see Fig. 2.1b). 
Recent studies [18, 19, 95] have shown that the critical strain for buckling can be 
significantly lower than that predicted by Eq. (2.20) when elastic deformation of the 
substrate is taken into account, especially for relatively compliant substrates. By a semi-
analytical approach, Yu and Hutchinson [95] derived an implicit formula for the critical 




































   (2.21) 
The dimensionless coefficients aij in Eq. (2.21) depend on the ratio b/h and Dundurs’ 
parameters for elastic mismatch between the film and the substrate as defined in Eq. (1.3). 
The values of aij can be determined numerically, either by solving an integral equation 
[95] or by a finite element method [18]. In the present study, the finite element method is 
used to calculate aij as summarized in Appendix B. The critical strain for buckling, 
*
Bε , 





















B     (2.22) 
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Figure 2.8 shows the critical buckling strain as a function of b/h for two types of 
elastic mismatch (vf = vs = 0.5 and vf = vs = 1/3). As noted by Yu and Hutchinson [95], the 
second Dundurs’ parameter, β, typically plays a less important role. Consequently, the 
results for different β in the two figures are nearly identical. In this study, we focus on the 
effect of the modulus ratio, sf EE , which is directly related to the first Dundur’s 
parameter α as ( ) ( )αα −+= 11sf EE . As shown in Fig. 2.8, the critical strain decreases as 
the ratio sf EE  increases, which can be significantly lower than the prediction by Eq. 
(2.20). 
 
   
Figure 2.8: The critical buckling strain as a function of delamination size, b/h, as 
predicted by the semi-analytical solution in Eq. (2.21). (a) vf = vs = 0.5 (β = 0) and (b) vf = 
vs = 1/3 (β = α/4).  
 
2.2.2 Selection of initial buckling mode 


































































































strain for wrinkling (without delamination) in Section 2.1, the favored buckling mode is 
predicted at the onset of buckling. As shown in Fig. 2.9, both the critical strains decrease 
as the modulus ratio, sf EE , increases. In the log-log plot, the critical strain for wrinkling 
( *Wε ) as given in Eq. (2.13) is a straight line with a slope -2/3. The critical strain for 
buckling ( *Bε ) in Eq. (2.22) decreases in a much slower rate. In addition, the buckling 
strain depends on the relative delamination size b/h, while the wrinkle strain does not. For 
a constant delamination size, the intersection of the two critical strains defines a critical 
modulus ratio, Rc. When the modulus ratio is smaller (i.e. csf REE < ), the buckling strain 
is lower than the wrinkling strain, indicating that localized buckle-delamination would 
occur first as the compressive strain develops in the film. On the other hand, for larger 
modulus ratios with more compliant substrates ( csf REE > ), the wrinkling strain is lower 
and the film would wrinkle everywhere without the need of delamination. Therefore, a 
transition in the buckling mode is predicted as the modulus ratio between the film and the 
substrate varies. The critical modulus ratio Rc as a function of the delamination size is 
determined by setting ** WB εε =  , as plotted in Fig. 2.10. This plot represents a buckling 
mode selection map: if the film-substrate modulus ratio and the interfacial defect size 
render a point below the Rc curve, localized buckle-delamination is energetically favored; 
otherwise, wrinkling is favored. It should be noted that the presented discussion is limited 




Figure 2.9: Comparison between the critical strain for buckle-delamination and the 
critical strain for wrinkling. The vertical line represents the PS/PDMS system with 
2000=sf EE . 
 
 
Figure 2.10: The critical modulus ratio as a function of the relative delamination size. 
Above the line, wrinkling is favored; below the line, buckle-delamination is favored. The 
dashed portion shows the qualitative trend beyond the limit of the plate theory used in 
deriving the semi-analytical solution in Eq. (2.21). 
 
The transition of the initial buckling mode as illustrated in Figs. 2.9 and 2.10 is 
demonstrated qualitatively by an experiment [87]. A polystyrene (PS) film (h = 120 nm) 
































b/h = 5 
b/h = 10 
b/h = 20





























are estimated as fE ~ 4 GPa and sE  ~ 2 MPa, with a ratio 2000=sf EE  [14]. The 
Poisson’s ratios are taken to be vf = vs = 0.5 approximately. From Eq. (2.13), the critical 
strain for wrinkling is *Wε  ~ 0.00325, corresponding to a critical compressive stress of 13 
MPa. By annealing the specimen at 120°C, which is above the glass transition 
temperature of PS (Tg ~ 105 ºC), and then slowly cooling, a compressive stress develops 
in the PS film due to its different thermal expansion. Assuming an initially small defect at 
the interface (e.g., b/h = 5), as illustrated by the vertical line in Fig. 2.9, the thermally 
induced compressive stress in the PS film first reaches the wrinkling strain, at which 
point wrinkling occurs spontaneously over the film surface. As the temperature is further 
decreased, the stress eventually reaches the critical buckling strain for the initial defect 
size, and buckle-delamination occurs alongside with the existing wrinkles. Figure 2.11 
shows a set of optical images of the PS film on the PDMS substrate, which demonstrates 
the occurrence of wrinkling followed by buckle-delamination during the first cooling 
cycle (top row). The inset Fourier spectrum shows a well-defined wrinkle wavelength at 
60 °C. When the material system is heated back to 120°C, the compressive stress in the 
film is relaxed and the elastic film recovers with no observable buckling or wrinkling. 
Next, the system is subjected to a second cooling (Fig. 2.11, second row). Compared to 
the first cooling, the interfacial defect size has increased due to the growth of buckle-
delamination in the first cycle. An estimate of the delamination width (Fig. 2.11, top row, 
35°C) gives that b/h ~ 20 for the second cycle, for which the buckling strain is lower than 
the wrinkling strain with 2000=sf EE  as shown in Fig. 2.9. Consequently, localized 
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buckle-delamination occurs first, at locations similar to those observed in the first cycle. 
Further cooling leads to growth of buckle-delamination and eventually wrinkling of the 
bonded region as well. Slightly different buckling and wrinkling patterns are observed at 
the end of the first and second cycles, which can be attributed to the different evolution 
paths for mode transition and interactions. 
 
 
Figure 2.11: Optical micrographs of a 120 nm PS thin film on a PDMS substrate cooled 
from 120 °C to 35 °C, where wrinkling is the favored buckling mode during the 1st 
cooling cycle (top row) and buckle-delamination is favored in the 2nd cycle. The Fourier 
spectrum at 60 °C (inset) in the first cycle shows a well-defined wrinkle wavelength.  
 
It is noted that, for each delamination size, the buckling strain ( *Bε ) as determined 
from Eq. (2.21) has two limits: for low film/substrate modulus ratios, the buckling strain 
approaches εB as given by Eq. (2.20), which sets the upper limit; for very high modulus 
ratios, the buckling strain approaches εB/4 as the lower limit. These limiting strains are 
plotted as horizontal dashed lines in Fig. 2.9.  While the upper limit corresponds to the 
buckling of the delaminated film with fixed ends as an approximation for a rigid substrate, 
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the lower limit is identical to that for buckling of a free-standing film of length 2b simply 
supported at both ends. Therefore, as the substrate stiffness decreases, the effective 
constraint at the edges of delamination relaxes from essentially fixed ends (constraint on 
both displacement and rotation) to simply supports (no constraint on rotation). This is 
reasonable if one consider buckling of the delaminated region only. However, as 
discussed above, when csf REE > , buckling is no longer limited to the delaminated 
region. Consequently, the semi-analytical solution in Eq. (2.21) should be valid only for 
the regime csf REE < . Another limit for the semi-analytical solution is set by the use of 
the plate equations for the delaminated part, which requires the ratio b/h to be relatively 
large (e.g., b/h > 5).  
2.2.3 Finite element eigenvalue analysis 
To overcome the limitations of the semi-analytical solution, an eigenvalue 
buckling analysis is performed to predict the critical strain for onset of buckling, by 
introducing an interfacial crack in the 2D finite element model, as illustrated in Fig. 2.12. 
By symmetry, only half of the delamination crack is modeled, with a relatively fine mesh 
near the crack tip. The boundary conditions are same as those used for the finite element 
analysis of wrinkling (Fig. 2.3). Here, since the film is modeled by 2D solid elements, 
relatively short interfacial crack can be considered. Moreover, the buckling mode is not 
prescribed in the finite-element eigenvalue analysis, which searches for all possible eigen 
modes that satisfy the boundary conditions. The eigenvalue for the first eigen mode gives 










Figure 2.12: Schematic illustration of the finite element model for buckle-delamination. 
 
For a thin film system with Ef /Es =1000 and vf = vs =1/3, the critical strain for 
buckling as a function of b/h is determined by the finite-element eigenvalue analysis, as 
plotted in Fig. 2.13a. For comparison, the analytical solution predicted by Eq. (2.20) and 
the semi-analytical solution by Eq. (2.21) are also shown in the figure. For b/h > 20, the 
FEA results agree closely with the prediction by Eq. (2.21). For a shorter crack, however, 
the FEA result deviates from the semi-analytical solution. As b/h decreases, the FEA-
predicted critical strain approaches a plateau that corresponds to the critical strain for 
wrinkling with no delamination, shown as the horizontal dot-dashed line. The 
corresponding eigen modes shown in Fig. 2.14 reveal a transition from the localized 
mode of buckle-delamination to the periodic wrinkling mode. When b/h is relatively large, 
buckling occurs predominantly at the location of delamination. When b/h is small, 
buckling is not restricted to the delaminated part and periodic wrinkles form. The smooth 
transition of the critical strain in Fig. 2.13a suggests that a mixed mode of buckling 








solutions for both buckle-delamination and wrinkling overestimate the critical strain. The 
results from the 1D finite element model (Appendix A) are in close agreement with the 
2D FEA results. Figure 2.13a also shows that the analytical solutions in Eqs. (2.20) and 
(2.21) converge for increasingly large b/h. However, for a typical delamination size, the 
discrepancy is significant (e.g., 0.00405 vs 0.0082 for b/h = 10). 
 
     
Figure 2.13: (a) Comparison of the critical strain for buckling between analytical 
solutions and the finite element eigenvalue analysis. The horizontal dot-dashed line 
represents the critical strain for wrinkling with no delamination. (b) The critical strain for 
buckling as a function of the modulus ratio for b/h = 10. The horizontal dashed line 
represents the analytical solution in Eq. (2.20). 
 
The elastic mismatch between the film and the substrate plays an important role in 
the transition of the initial buckling mode. For a fixed delamination size (e.g., b/h = 10), 
the critical strain is obtained as a function of the ratio, Ef /Es, shown in Fig. 2.13b. The 
FEA results are plotted along with the two analytical solutions. Again, a smooth transition 
is predicted. For a very compliant substrate (Ef /Es > 104), the FEA-predicted critical 
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ε      (2.23) 
where Bε  is the critical strain for onset of buckling as given in Eq. (2.20). The energy 















ε BBGG 3110     (2.24) 
where 220 εhEG f= . The delamination grows when the energy release rate exceeds the 
interfacial toughness and arrests when it drops below the toughness. 
For an elastic compliant substrate, both the buckle amplitude and the energy 
release rate can be significantly greater than the predictions by the rigid-substrate model 
[18, 19, 95]. Following Yu and Hutchinson [95], a semi-analytical approach for the post-
buckling analysis is summarized in Appendix B, which takes into account the effects of 
substrate compliance on the buckle amplitude and energy release rate. However, as 
discussed in Section 2.2, the semi-analytical approach tends to overestimate the critical 
strain for onset of buckling, which in turn affects the prediction of post-buckling behavior, 
especially for relatively short cracks and very compliant substrates. Using the finite 
element model with delamination (Fig. 2.12), a nonlinear post-buckling analysis is 
performed to study the evolution of the buckling mode beyond the critical strain. The 
eigen mode obtained by the linear analysis in Section 2.2 is used as the initial 
imperfection with a small amplitude (A0/h = 10-4).  
Figure 2.16a shows the evolution of the buckling profile as the nominal strain 
increases. For the numerical results in this section, the linear elastic properties for the 
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film and the substrate are set with Ef /Es =1000 and vf = vs =1/3. For b/h = 10, the critical 
strain predicted by the eigenvalue analysis is 0.00284. The film remains flat when ε < 
0.00284. Beyond the critical strain, the buckling deformation is predominantly localized 
near the location of delamination, and the film remains flat far away from the 
delamination. As the film buckles, the substrate surface is pulled up significantly near the 
edge of delamination, as shown by the dashed lines. The film deforms with both out-of-
plane displacement and rotation at the edge of delamination. Beyond the edge, the film 
first bends down and then up, forming a valley before it becomes nearly flat. Far away 
from the delamination, the film and the substrate surface moves up slightly due to 
Poisson’s effect. We define the buckle amplitude AB as the difference between the vertical 
displacement at the peak and that at the valley. Figure 2.16b plots the buckle amplitude as 
a function of the nominal strain for b/h = 1, 5, 10, and 20. As b/h increases, the critical 
strain for onset of buckling decreases, and the buckling amplitude increases. For small 
b/h, the buckling profile becomes periodic wrinkles, and as expected the buckle 
amplitude approaches twice the wrinkle amplitude as predicted by the analytical solution 
in Eq. (2.14). It is noted that the presence of even a short interfacial delamination could 
raise the apparent wrinkle amplitude beyond the analytical prediction. Therefore, the 
winkle amplitude is typically not a reliable quantity for the measurement of elastic 
properties since it depends sensitively on the pre-existing delamination, which is often 






Figure 2.16: (a) Out-of-plane displacements of the film (solid lines) and the substrate 
surface (dashed lines) by the post-buckling finite element analysis for b/h = 10 and L/h = 
120. (b) Buckle amplitude as a function of the nominal strain for different b/h. The 
dashed line in (b) shows twice of the wrinkle amplitude with no delamination as 
predicted by the analytical solution in Eq. (2.14). 
 
It is found that the results from the post-buckling analysis strongly depend on the 
ratio, L/b, in the finite element model. As shown in Fig. 2.17a, the buckle amplitude 
increases with increasing L/b, while the critical strain for onset of buckling is independent 
of L/b. Correspondingly, the energy release rate for buckle-driven delamination, 
calculated by the method of J-integral [47], also increases as L/b increases (Fig. 2.17b). 


























































For comparison, the rigid-substrate solution in Eqs. (2.23) and (2.24) are plotted as the 
thick dashed lines, and the semi-analytical solutions by Yu-Hutchinson approach are 
plotted as the thick solid lines. It is expected that the FEA results eventually converge 
towards the semi-analytical solution for a sufficiently large L/b. Such convergence can be 
easily achieved for a relatively stiff substrate (e.g., Ef /Es <100). For a compliant substrate, 
however, the convergence can be very slow. Figure 2.18 shows the energy release rate, 
normalized by the semi-analytical solution (G∞), as a function of L/b for different 
modulus ratios. For Ef /Es =100, the calculated energy release rate agrees closely with G∞ 
for L/b = 60 and beyond. With Ef /Es =1000, the convergence is not reached for L/b up to 
100. Such a slow convergence may be qualitatively understood as the shear-lag effect. 
The stress in the film is partly relaxed by buckling at the delamination but unaffected far 
away from the delamination. In between, the stress in the film varies over a characteristic 
length scale for load transfer, depending on the stiffness of the substrate as defined in a 
shear lag model [96]. The length scale is much longer for a compliant substrate than for a 
stiff substrate. For the finite element model with L smaller or comparable to the shear lag 
length, due to interaction between buckle-delamination at one end of the film and the 
boundary conditions at the other end, both the buckle amplitude and the energy release 
rate depend on L. Alternatively, the results in Fig. 2.17 and Fig.2.18 may be understood 
as the post-buckling behavior for a periodic array of buckle-delamination with a spacing 
2(L-b) between the adjacent delamination cracks, for which the effect of spacing is 
similar to that for a periodic array of channeling cracks in an elastic thin film on a 





   
Figure 2.17: (a) Buckle amplitude and (b) energy release rate for b/h = 20. Two different 
finite element models are used and compared along with the semi-analytical solution 
(thick solid lines). The results from the 2D model are the open symbols, and those from 
the 1D model are the dashed lines. The thick dashed lines are the rigid-substrate solution 
in Eqs. (2.23) and (2.24).  
 































































Figure 2.18: Dependence of the energy release rate for buckle-delamination on the length 
ratio (L/b) and the modulus ratio (Ef  /Es). 
 
The thickness of the substrate in the 2D finite element model must be sufficiently 
large to simulate an infinitely thick substrate. As shown in Fig. 2.4, the thickness ratio 
H/h = 100 is sufficient for the wrinkling analysis. For buckling with delamination, the 
thickness ratio depends on the delamination size, and H/h = 200 is found to be sufficient 
for b/h up to 50 in the present study. For comparison, the results from the 1D finite 
element method (Appendix A) are shown in Fig. 2.17, in which the substrate is modeled 
exactly as an infinite half plane. The results from both finite element methods are in close 
agreement for the wrinkling analysis and for the eigenvalue analysis of buckling with 
delamination. For the post-buckling analysis, the two methods agree closely for the 
buckle amplitude but differ slightly for the energy release rate. The discrepancy may be 
attributed to the calculation of the J-integral with different models for the film (i.e., 2D 
solid elements vs 1D beam elements) and for the substrate (i.e., finite thickness vs 







































For a very compliant substrate, it is found that localized buckle-delamination and 
periodic wrinkles may co-exist when L/b is sufficiently large. Figure 2.19 shows two 
examples, one for b/h = 10 and the other for b/h = 50. In both cases, the onset of buckle-
delamination occurs first, followed by formation of periodic wrinkles. The buckle 
amplitude is much larger than the wrinkle amplitude, and the film is nearly flat in a 
region between buckle-delamination and periodic wrinkles. The wrinkle wavelength 
agrees closely with the prediction by the analytical solution in Eq. (2.12). This implies 
that the wrinkle wavelength is a reliable quantity for the measurement of elastic 
properties, as long as the nominal strain is within the limit of linear elasticity. Unless the 
substrate is nearly incompressible (νs ~ 0.5), the effect of Poisson’s ratio should be taken 
into account by using Eq. (2.12) instead of Eq. (2.2). Figure 2.20 shows the surface 
contours for b/h = 50 at two different strain levels, mimicking what may be observed in 
experiments by an optical micrograph shown in Fig. 1.3b [21]. When the nominal strain 
is low, only the localized buckle is observable at the location of pre-existing delamination. 
At a higher strain, periodic wrinkles form at a distance away from the delamination. 
Between the wrinkles and buckle-delamination is a region of interaction, where the 
compressive stress in the film is partly relaxed by buckle-delamination at one side and by 
wrinkling at the other side. The stress varies over a distance that depends on the size of 
delamination (b/h) as well as the substrate compliance by the shear lag effect. The stress 
variation is reflected by the variation of the wrinkle amplitude from zero to nearly 






Figure 2.19: Concomitant wrinkling and buckle-delamination of a thin film on a 
compliant substrate (Ef /Es = 1000) with (a) b/h = 10 (L/h = 800) and (b) b/h = 50 (L/h = 
1000). The dashed line indicates the substrate surface. The insets show the local view 
near the edge of delamination. 
 















ε = 0.0121 









































Figure 2.20: Gray-scale contour plots of the surface profiles for b/h = 50 at two different 
strain levels: (a) ε = 0.0032; (b) ε = 0.0118. The red dashed lines indicate the edges of 
delamination. 
 
Figure 2.21a plots the buckle amplitude as a function of the nominal strain for the 
case with b/h = 50 and L/b = 20, and Fig. 2.21b plots the energy release rate for growth of 
the delamination. The critical strain for onset of buckling in this case is very small 
(~0.00026). Beyond the critical strain, the buckle amplitude and the energy release rate 
increase. For comparison, the rigid-substrate solution in Eqs. (2.23) and (2.24) are plotted 
as the thick dashed lines, and the semi-analytical solutions by Yu-Hutchinson approach 
are plotted as the thick solid lines. Both the buckle amplitude and the energy release rate 





     
Figure 2.21: (a) Amplitudes of buckling and wrinkling for b/h = 50 (L/b = 20 and H/h = 
200). (b) Energy release rate for delamination. The thick solid lines are the semi-
analytical solution, and the thick dashed lines are the rigid-substrate solution in Eqs. 
(2.23) and (2.24). The thick dotted line in (a) is twice the wrinkle amplitude by Eq. (2.16) 
assuming no delamination. 
 
L/b = 20 is not large enough to simulate an infinite substrate as assumed by the semi-
analytical solution. Furthermore, when the nominal strain reaches around 0.0092, both 
the buckle amplitude and the energy release rate stop increasing. This change of behavior 
coincides with the onset of wrinkling away from the delamination (Fig. 2.21a). The effect 
of the growth of wrinkling on the energy release rate and thus the growth of delamination 
indicates that in some cases the pre-existing delamination could be pinned by the 
wrinkles, as the energy release rate stops increasing once wrinkles start to grow. On the 
other hand, it is noted that the nominal strain for onset of wrinkling in Fig. 2.21a is 
greater than the analytical prediction by Eq. (2.13). Therefore, while the growth of 
wrinkling reduces the buckle amplitude and the energy release rate, the presence of 
buckle-delamination delays onset of wrinkling. With a very compliant substrate, the two 
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buckling modes interact over a long range with a length scale more than three orders of 
magnitude greater than the film thickness.  
2.4 Cohesive zone modeling  
The previous sections have considered two scenarios for concomitant wrinkling 
and buckle-delamination of an elastic thin film on a compliant substrate. First, if the 
film/substrate interface is perfectly bonded, wrinkling occurs beyond a critical strain. 
Subsequently, nucleation of interfacial delamination may occur at a larger nominal strain 
when the wrinkle-induced normal traction at the interface exceeds the strength of the 
interface. The growth of the interfacial delamination however requires further studies, for 
which a cohesive zone model may be adopted for the interface [88]. Second, if interfacial 
delamination pre-exists, the initial buckling mode depends on the size of the pre-existing 
delamination. With a relatively large delamination, localized buckle-delamination occurs 
first, followed by wrinkling away from the delamination. Again, the growth of interfacial 
delamination may be studied by using the cohesive zone model. In this section, the 
approach of cohesive zone model is employed to study the nucleation and subsequent 
growth of wrinkle-induced delamination without assuming a pre-existing interfacial crack.  
As illustrated in Fig. 2.22, a two-dimensional finite element model is constructed 
in ABAQUS, subject to the same boundary conditions as the finite element model in Fig. 
2.3. Both the film and the substrate are modeled by 2D quadrilateral elements (CPE8R). 
In addition, a layer of cohesive elements (COH2D4) is assigned along the interface to 
model the interaction between the film and the substrate. The bilinear traction-separation 
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Figure 2.22: Schematic illustration of the finite element model, with a layer of cohesive 
elements along the interface between the film and the substrate. 
 
A crack along an interface is typically under a mixed-mode condition due to 
elastic mismatch between the film and the substrate. Consequently, as introduced in 
Chapter 1, both the properties in modes I and II are required to define the interfacial 
constitutive behavior. For the bilinear traction-separation model, the interfacial properties 
to be specified include: the initial elastic stiffness Kn and Ks, the cohesive strength σn and 
τs, and the interface toughness ΓI and ΓII. In this section, however, we ignore the effect of 
mode mix by taking 0KKK sn == , 0στσ == sn  and ΓI = ΓII = Γ for the interface. 
Previous studies have suggested that the initial elastic stiffness K0 plays a less important 
role in cohesive zone modeling. In the present study, the initial stiffness K0 is taken to be 
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delamination, (b) initiation of wrinkle-induced delamination, and (c) subsequent growth 
of interfacial delamination, starting from an elastic film perfectly bonded to a compliant 
substrate. As the applied compressive strain increases, the film wrinkles first, followed by 
nucleation of an interfacial crack at one of the wrinkle crests. Upon subsequent growth of 
the delamination, buckling of the film becomes localized while the neighboring wrinkles 
are flattened. In this section, the onset of wrinkle-induced delamination is discussed first, 
and then the evolution of buckle-delamination is studied.  
2.4.1 Initiation of wrinkle-induced delamination 
In Section 2.1.3, initiation of wrinkle-induced delamination is predicted by 
comparing the maximum normal traction at the interface with the strength of the interface. 
This strength-based criterion for crack initiation is found to be in good agreement with 
the numerical results by the cohesive zone modeling approach. With the 2D finite 
element model with cohesive interface elements, a linear eigenvalue analysis is 
performed first. Using the first three eigen modes as the initial geometric imperfection, a 
nonlinear post-buckling analysis is performed to simulate progressive wrinkling and 
wrinkle-induce delamination, as shown in Fig. 2.23. The amplitude of wrinkling or 
buckling is plotted as a function of the nominal strain in Fig. 2.24 for three different 
values of the interfacial strength, whereas the interfacial toughness is taken to be a 
constant, 510−=Γ hE f . For comparison, the wrinkle amplitude from the post-buckling 
analysis without using the cohesive elements (Section 2.1.2) is plotted as a continuous 
solid line. For each value of the interfacial strength, the wrinkle amplitude follows the 
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solid line before the initiation of delamination. At a critical nominal strain that depends 
on the interfacial strength, a delamination crack is nucleated (Fig. 2.23b) and the buckle 
amplitude at the location of delamination increases abruptly, deviating from the solid line. 
Thus, the initiation of delamination may be readily observable in experiments by 
measuring the buckle amplitude. 
 
 
Figure 2.24: Buckle amplitude as a function of the nominal strain, for three different 
values of interfacial strength, =fE0σ 2.5×10
-5, 5×10-5, and 10-4. The solid line 
represents the wrinkle amplitude by the analytical solution in Eq. (2.16). 
 
The critical strain for initiation of wrinkle-induced delamination may be 
determined from Fig. 2.24. Alternatively, by the cohesive zone model, each cohesive 
element is characterized by a damage parameter (D), which varies between 0 and 1 
during the separation process as discussed in Chapter 1. Thus, the critical strain for crack 
nucleation can be determined numerically when the damage parameter reaches 1 for at 
least one of the cohesive elements. Figure 2.25 plots the critical strain for wrinkle-
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induced delamination as a function of the interfacial strength, obtained from the cohesive 
zone modeling approach for three different values of interface toughness. For comparison, 
the critical strain predicted by the analytical formula in Eq. (2.19) is plotted as the solid 
line. Clearly, the critical strain is nearly independent of the interface toughness, justifying 
the strength-based criterion. The numerical results by the cohesive zone modeling 
approach agree closely with the analytical prediction by Eq. (2.19) for relatively low 
interfacial strengths (e.g., 40 10
−<fEσ ). For higher interfacial strengths, however, Eq. 
(2.19) underestimates the critical strain from the cohesive zone model. Apparently, as the 
critical strain increases with increasing interfacial strength, the linear approximation of 
the normal traction that leads to Eq. (2.19) becomes increasingly inaccurate as the strain 
goes beyond a few per cent. 
 
 
Figure 2.25: The critical strain for initiation of winkle-induced delamination as a function 
of the interfacial strength, comparing the results from cohesive zone modeling and the 
analytical prediction by Eq. (2.19). 
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2.4.2 Co-evolution of buckling and delamination 
While the initiation of wrinkle-induced delamination is independent of the 
interface toughness, subsequent growth of the delamination crack does depend on the 
interface toughness. As shown in Fig. 2.26, for an interfacial strength 50 105
−×=fEσ ,  
 
 
Figure 2.26: Delamination width as a function of the nominal strain for different values 
of interface toughness. 
 
the delamination width (b) as a function of the nominal strain is plotted for three different 
values of interface toughness. The delamination width is determined from the cohesive 
zone model based on the damage parameters of the cohesive elements. The delamination 
width remains zero until the critical strain is reached. Upon initiation, the delamination 
crack grows rapidly, which in turn leads to rapid growth of the buckle amplitude as 
shown in Fig. 2.24. The growth of the interfacial crack is eventually stabilized with a 
delamination width depending on the interface toughness. Further increasing the 
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compressive strain, the delamination grows slowly and stably. Apparently, under the same 
nominal strain (greater than the critical strain), the delamination width decreases as the 
interface toughness increases.  
 The cohesive zone elements as implemented in ABAQUS assume an irreversible 
damage process, which may be used to simulate damage accumulation under cyclic 
loading. As an example, numerical simulation of a loading-unloading-reloading process is 
performed, with 50 105
−×=fEσ  and 
510−=Γ hE f . Figure 2.27a shows the buckle 
amplitude versus the nominal strain. Before the first loading, the interface is perfectly 
bonded with no damage (D = 0).  As the nominal strain increases, wrinkling occurs first 
at point A (ε ~ 0.00556), and wrinkle-induced delamination initiates at B (ε ~ 0.0076). 
Subsequently, delamination and buckling co-evolve. The corresponding delamination 
width is shown in Fig. 2.27b. Start unloading at point C (ε = 0.01). The delamination 
width remains a constant (b/h ~ 40) during unloading. Meanwhile, the buckle amplitude 
decreases, following a different path from C to D. The buckle amplitude is nearly zero at 
D, with the nominal strain (ε ~ 0.000384) corresponding to the critical strain for onset of 
buckling with b/h ~ 40. Upon reloading, the buckle amplitude follows the same path of 
unloading from D to C, during which the delamination does not grow. Further increasing 
the nominal strain beyond C to point E (ε = 0.02), the delamination grows and the buckle 
amplitude increases. Apparently, the buckle amplitude during reloading follows a 
drastically different path compared to that for the first loading. Such a behavior 
qualitatively agrees with an experiment by Vella et al. [20]. However, in their experiment, 
a discontinuous jump of the buckle amplitude during the first loading was reported, 
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Figure 2.27: (a) Buckle amplitude and (b) delamination width as a function of the 
nominal strain during a loading-unloading-reloading cycle.  
 
It is noted that the growth of buckle-delamination is strongly influenced by the 
boundary condition. When the crack tip approaches one end of the model, where the 
symmetric boundary condition is assumed, the energy release rate drops rapidly and the 
crack is arrested when the energy release rate is less than the interface toughness. Figure 
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2.28 shows the delamination width as a function of the nominal strain by finite element 
models with three different lengths (L). Apparently, as L increases, the delamination 




Figure 2.28: Delamination width as a function of the nominal strain for different lengths 
used in the finite element model, with interfacial properties 50 105
−×=fEσ  and 
510−=Γ hE f . 
 
In section 2.3, it has been found that the results from the post-buckling analysis 
strongly depend on the ratio, L/b, in the finite element model, and the substrate thickness 
(H) must be sufficiently large to simulate an infinitely thick substrate for buckling with 
delamination. With a sufficiently large L/b, the localized buckle-delamination and 
periodic wrinkles may co-exist, as shown in Figs. 2.19 and 2.20. To simulate both 
initiation and co-evolution of wrinkling and buckle-delamination, the finite element 
model with cohesive elements is employed with L = 1000h and H = 200h. The bilinear 
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traction-separation relation is assumed for the interface with 50 105
−×=fEσ  and 
5105 −×=Γ hE f . Similar to previous simulations, the first three eigen modes are 
obtained from a linear eigenvalue analysis and used as the initial imperfection for the 
post-buckling analysis. Figure 2.29 shows the evolution of deformation profiles of the 
film (solid lines) and the substrate surface (dashed lines) with increasing nominal strain. 
The film remains flat until the nominal strain reaches the critical strain for wrinkling 
( 00556.0=Wε ). Beyond the critical strain, periodic wrinkles form as shown in Fig. 
2.29a at ε = 0.00758. The wrinkle wavelength and amplitude agree closely with the 
analytic predictions in Section 2.1.1. As the nominal strain increases to the critical value 
for wrinkle-induced delamination ( 0076.0=WIDε ), an interfacial crack initiates and 
grows rapidly, as shown in Figs. 2.29b and 2.29c for two strains slightly above the critical 
strain. The growth of delamination leads to large, localized buckling, which relaxes the 
compressive stress in the film over a region close to the delamination. As a result, the 
wrinkles are flattened in the relaxation region. Further away from the delamination, the 
film remains wrinkled. As discussed in Section 2.3, where the delamination width is fixed, 
the size of the relaxation region depends on the relative compliance of the substrate and 
the delamination width. With continuous growth of the delamination and a finite length 
(L = 1000h) in the finite element model, all the wrinkles are flatted eventually, as shown 







Figure 2.29: Out-of-plane displacement of the film (solid lines) and the substrate surface 
(dashed lines) at four different nominal strains: (a) ε = 0.00758 before delamination; (b) ε 
= 0.00761 (b = 11h); (c) ε = 0.00762 (b = 49.8h); (d) ε = 0.0097 (b = 116.8h). The inset 
in (b) shows the local view near the edge of delamination. 
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Figure 2.30: (a) Buckle amplitude, (b) wrinkle amplitude, and (c) delamination width, as 
a function of the nominal strain, with interfacial properties 50 105
−×=fEσ  and 
5105 −×=Γ hE f .  
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Figure 2.30a shows the evolution of the buckle amplitude (AB) as a function of the 
nominal strain. The buckle amplitude is defined as the difference between the maximum 
out-of-plane displacement and the minimum out-of-place displacement, as illustrated in 
Fig. 2.29b. Before initiation of interfacial delamination, the buckle amplitude is twice the 
wrinkle amplitude by definition. Upon interfacial delamination, the buckle amplitude 
grows abruptly, while the wrinkle amplitude as measured far away from the location of 
delamination (Fig. 2.29b) drops significantly, as shown in Figs. 2.30a and 2.30b. The 
dashed line indicates the critical strain for initiation of wrinkle-induced delamination. In 
Fig. 2.30c, the delamination width is plotted as a function of the nominal strain. Similar 
to the previous examples (e.g., Figs. 2.26 and 2.28), the interfacial delamination 
propagates rapidly upon initiation, followed by stable growth with increasing strain. 
Interestingly, as the nominal strain reaches a certain level (ε ~ 0.0095), the interfacial 
delamination stops growing. Meanwhile, from the amplitude curves in Fig. 2.30a, the 
buckle amplitude stops growing as well, while the wrinkle amplitude starts to grow. The 
numerical simulation becomes highly unstable at this point and stops due to divergence. 
Nevertheless, with a sufficiently large length in the finite element model, the results in 
Fig. 2.29 and Fig. 2.30 show initiation and co-evolution of wrinkling and buckle-
delamination progressively as the nominal strain of compression increases. 
2.5 Comments on applications for thin film metrology 
It has been suggested that the phenomena of wrinkling and buckle-delamination 
may offer a convenient approach to measuring elastic properties of thin film materials [15] 
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as well as adhesion energy of the interface [20, 23]. Based on the present study, we would 
make the following comments. 
• The wrinkle wavelength is a reliable quantity for the measurement of elastic 
properties, as long as the nominal strain is within the limit of linear elasticity. 
Unless the substrate is nearly incompressible (νs ~ 0.5), the effect of Poisson’s 
ratio should be taken into account by using Eq. (2.12) instead of Eq. (2.2). 
• The wrinkle amplitude is less reliable as it depends sensitively on pre-existing 
delamination (Fig. 2.16), which is often uncertain in experiments. 
• To determine the interface toughness or adhesion energy from buckle-
delamination, both the delamination width and the nominal strain are needed for 
the calculation of energy release rate, which equals the interface toughness when 
the delamination crack is arrested. Measurement of the buckle amplitude could 
help to infer one of the two quantities, but no explicit relationships are obtained 
for either the buckle amplitude or the energy release rate. In particular, we were 
not able to confirm the simple formula obtained by a scaling analysis [20]. 
• With concomitant wrinkling and buckle-delamination, it is possible to 
simultaneously determine the elastic property of the thin film and the interfacial 
properties. First, by measuring the wrinkle wavelength far away from the buckle-
delamination, the elastic modulus of the thin film can be determined by Eq. (2.12), 
assuming that the elastic properties of the substrate are known. Second, if the 
critical strain for wrinkle-induced nucleation of buckle-delamination can be 
measured, the strength of the interface may be determined by Eq. (2.19). As 
69 
 
shown in Fig. 2.24, the buckle amplitude increases abruptly at the critical strain, 
which may be practically measurable. Third, once the delamination crack has 
arrested at a particular strain level, the interface toughness can be determined by 
calculating the energy release rate with the measured delamination width and the 
buckle amplitude. 
2.6 Summary 
In summary, this chapter presents a study on wrinkling and buckle-delamination for 
an elastic film on a highly compliant substrate under compression. First, without 
delamination, we present an analytical solution for wrinkling that takes into account the 
effect of Poisson’s ratio of the substrate. In comparison with a nonlinear finite element 
analysis, an approximate formula is derived to estimate the normal traction at the 
interface and to predict initiation of wrinkle-induced delamination. Next, with a pre-
existing delamination crack, the critical strain for the onset of buckling instability is 
predicted by a semi-analytical solution and by finite element eigenvalue analysis. It is 
found that, for an intermediate delamination size, the critical compressive strain for onset 
of buckling is lower than the previous solutions for both wrinkling and buckle-
delamination. By comparing the critical strain, a diagram for the initial buckling modes is 
constructed with respect to the film/substrate stiffness ratio and the interfacial defect size. 
Nonlinear post-buckling analysis is then conducted to simulate concomitant wrinkling 
and buckle-delamination, with a long-range interaction between the two buckling modes 
through the compliant substrate. Finally, by using a layer of cohesive elements for the 
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interface, progressive co-evolution of wrinkling and delamination is simulated. In 
particular, the effects of interfacial properties (strength and toughness) on the initiation 
and propagation of wrinkling-induced interfacial delamination are examined. Relevant 
experimental observations and potential applications in thin-film metrology are discussed 





Channel cracking of elastic thin films 
 
Under tension, an elastic film may fracture. Constrained by the substrate, fracture 
of an elastic thin film results in channel cracks as shown in Fig. 1.4. Figure 3.1a shows a 
schematic illustration of a straight channel crack in a thin film. Such a channel crack 
typically nucleates from surface defects, grows down towards the substrate, and is 
arrested near the film/substrate interface [39]. Subsequently, the crack advances in the in-
plane direction as a channeling crack. The driving force for growth of channel cracks 
depends on the constraint by the substrate, which has been studied previously [26, 27, 97]. 
Most of the previous studies assumed that the root of the channel crack lies on the 
interface (Fig. 3.1a). However, it is known that the stress field diverges at the root [98], 
which may cause delamination of the interface or cracking of the substrate, as illustrated 
in Fig. 3.1b and Fig. 3.1c, respectively. With interfacial delamination or substrate 
cracking, the effect of substrate constraint on the channel crack is reduced, thus 
increasing the driving force for growth of the channel crack. Such an effect becomes 
significant for a stiff elastic film on a compliant substrate. In this chapter, using a set of 
finite element models, the effects of interfacial delamination and substrate cracking on 
channel cracking of elastic thin films are analyzed. By both the linear elastic fracture 
mechanics and cohesive zone modeling, the competition between delamination and 







Figure 3.1: Schematic illustrations of (a) channel cracking, (b) concomitant channel 






















3.1 An ideal channel crack 
As illustrated in Fig. 3.1a, assuming no delamination or penetration, the energy 
release rate for steady state growth of an ideal channel crack in an elastic thin film 









βα=      (3.1) 
where fσ  is the tensile stress in the film, hf is the film thickness, and fE  is the plane 
strain modulus. The dimensionless coefficient Z depends on Dundurs’ parameters for 
elastic mismatch between the film and the substrate as defined in Eq. (1.3). 
When the film and the substrate have identical elastic moduli, we have α = β = 0 
and Z = 1.976. The value of Z decreases slightly for a compliant film on a relatively stiff 
substrate ( sf EE <  and 0<α ). A more compliant substrate ( 0>α ), on the other hand, 
provides less constraint against film cracking. Thus, Z increases as α increases. For very 
compliant substrates (e.g., organic low-k dielectrics, polymers, etc.), Z increases rapidly, 
with Z > 30 for α > 0.99 [26, 27]. The effect of β is secondary and often ignored. 
Numerically, the steady-state energy release rate of channel cracking can be 













     (3.2) 
where δ(z) is the opening displacement of the crack surfaces far behind the channel front 
(see Fig. 3.1a). Due to the constraint by the substrate, the crack opening does not change 
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as the channel front advances and the energy release rate attains a steady state, 
independent of the channel length. Three-dimensional analyses have shown that the 
steady state is reached when the length of a channel crack exceeds two to three times the 
film thickness for a relatively stiff substrate [99], but the crack length to reach the steady 
state can be significantly longer for more compliant substrate materials [97]. The present 








Figure 3.2: Schematics of the 2D plane strain model for an ideal channel crack. 
 
3.2 Effect of interfacial delamination 
3.2.1 Interfacial delamination from channel root 
Now consider an interface crack emanating from the channel root at each side 
(Fig. 3.1b). For a long, straight channel crack, we assume a steady state far behind the 
channel front, where the interfacial crack has a finite width. The energy release rate for 










Figure 3.3: (a) Schematics of the 2D plane strain model of a steady-state channel crack 
with interfacial delamination; (b) geometry of the finite element model, with uniform 
normal traction (σf) acting onto the surface of the channel crack and a symmetry 
boundary condition for the substrate; (c) an example finite element mesh, with infinity 





















=     (3.3) 
where d is the width of delamination and Zd is a dimensionless function that can be 
determined from a two-dimensional plane strain problem as illustrated in Fig. 3.3a. In the 
present study, a finite element model is constructed to calculate the interfacial energy 
release rate. By symmetry, only half of the film/substrate structure is modeled along with 
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proper boundary conditions (Fig. 3.3b). The finite element package ABAQUS[68] is 
employed and an example mesh near the interfacial crack is shown in Fig. 3.3c. Close to 
the tip of the interfacial crack, a very fine mesh is used (Fig. 3.3d), with a set of singular 
elements around the crack tip. Far away, infinite elements are used for both the film and 
substrate to eliminate possible size effects of the model. In all calculations, we set vf = vs 
=1/3 such that β = α/4, while the mismatch parameter α is varied. 
The method of J-integral is adopted for the calculation of the interfacial energy 
release rate Gd. The dimensionless coefficient Zd is then determined by normalization of 
the numerical results according to Eq. (3.3), which is plotted in Fig. 3.4 as a function of 
the normalized delamination width, d/hf, for different elastic mismatch parameters. The 
Zd function has two limits. First, when d/hf →∞ (long crack limit), the interfacial crack 








=      (3.4) 
and thus Zd →0.5. The steady-state energy release rate for the interfacial crack is 
independent of the crack length as well as the elastic mismatch. On the other hand, when 














dZ      (3.5) 






Figure 3.4: Normalized energy release rate of interfacial delamination from the root of a 
channel crack as a function of the normalized delamination width for different elastic 
mismatch parameters. 
 
















=     (3.6) 
More details about the solution at the short crack limit as well as comparisons with the 
finite element results are given in Appendix C. Here we discuss three scenarios at the 
short crack limit, which would eventually determine the condition for channel cracking 
with or without interfacial delamination. First, when α = β = 0 (no elastic mismatch), we 
have λ = 0.5. In this case, Zd approaches a constant as d/hf  →0. As shown in Appendix C, 
an analytical solution predicts that Zd (0,0,0)→0.9878, which compares well with our 
numerical results (Fig. C.2). When α > 0 (β = α/4), we have λ > 0.5. Consequently, Zd → 
∞ as d/hf →0. As shown in Fig. 3.4, for both α = 0 and α > 0, the interfacial energy 
release rate monotonically decreases as the delamination width increases. On the other 
hand, when α < 0, we have 0 < λ < 0.5, and thus, Zd →0 as d/hf →0. Interestingly, the 
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numerical results in Fig. 3.4 show that, instead of a monotonic variation with respect to 
the crack length, the interfacial energy release rate oscillates between the short and long 
crack limits for the cases with α < 0. Such an oscillation leads to local maxima of the 
interfacial energy release rate, which in some cases (e.g., α = -0.6) can be greater than the 
steady state value at the long crack limit.  
Previously, Ye et al. [101] gave an approximate formula for the Zd function based 
on their finite element calculations. Although the formula has similar asymptotic limits 
for long and short cracks as the analytical solutions, it gives inaccurate results for at least 
two cases. First, in the case of no elastic mismatch, the formula predicts that Zd →0.748 
as d/hf →0, about 25% lower than the analytical solution. Second, the interfacial energy 
release rates for intermediate crack lengths by the approximate formula in general do not 
compare closely with numerical results, especially for cases with α < 0, where the 
oscillation and the maxima are not well captured by the approximation. As will be 
discussed later, the maximum interfacial energy release rate for α ≤ 0 is critical for 
determining the condition of interfacial delamination alongside the channel crack. 
Another previous study by Yu et al. [102] investigated interfacial delamination under two 
different edge conditions. While the steady-state interfacial energy release rate is the 
same for all edge conditions, the short crack limit strongly depends on the edge effect. 
A necessary condition for steady-state channel cracking with concomitant 
interfacial delamination is that the interfacial crack arrests at a finite width. The 
delamination width can be determined by comparing the interfacial energy release rate in 
Eq. (3.3) to the interface toughness. As discussed in Chapter 1, the interface toughness 
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depends on the phase angel of mode mix [39], which in turn depends on the delamination 
width, as shown in Fig. 3.5. Due to the oscillatory nature of the stress singularity at the 
interfacial crack tip [45], a length scale has to be used for the definition of phase angle as 
in Eq. (1.4). Here we take the film thickness as the length scale, with l = hf. The real and 
imaginary parts of the complex stress intensity factor in Eq. (1.4) are calculated by the 
interaction integral method in ABAQUS[68]. Figure 3.5 shows that the phase angle 
quickly approaches a steady state 
( )βαωψ ,=ss      (3.7) 
as given by Suo and Hutchinson [103].  When the film and the substrate have identical 
elastic moduli (α = β = 0), we have ( ) o1.520,0 == ωψ ss . Considering the fact that the 
variation of the phase angle with respect to the delamination width is relatively small and 
confined within a small range of short cracks (d < hf), we take the constant steady-state 
phase angle, Eq. (3.7), in the subsequent discussions and assume that the interface 
toughness is independent of the delamination width, i.e., ( )ssii ψΓ=Γ . Then, the width of 






















   (3.8) 
The right-hand side of Eq. (3.8) is the normalized interface toughness, independent of the 
interfacial crack length. In the following, we discuss possible solutions to Eq. (3.8) for 




Figure 3.5: Phase angle of the mode mix for interfacial delamination as a function of the 
normalized delamination width for different elastic mismatch parameters. The dashed 
line indicates the steady-state phase angle (52.1o) for the case of zero elastic mismatch (α 
= β = 0). 
 
First, when α = β = 0 (i.e., no elastic mismatch), the Zd function has a maximum,  
Zd → 0.9878 as d/hf → 0, and it approaches the steady state, Zd → 0.5, for long cracks. 
Consequently, when 9878.0≥Γi  (tough interface), the interfacial energy release rate is 
always lower than the interface toughness, and thus no delamination would occur (i.e., 
ds= 0). On the other hand, when 5.0≤Γi  (weak interface), the interfacial energy release 
rate is always higher than the interface toughness. In this case, the interfacial crack would 
grow unstably to infinity (i.e., ds → ∞), causing spalling of the film from the substrate, 
unless the interfacial crack is arrested by other features such as geometric edges or 
material junctions. Only for an intermediate interface toughness with 5.09878.0 >Γ> i , 
Eq. (3.8) has a finite solution, 0 < ds < ∞, in which case the channel crack grows with 
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concomitant interfacial delamination of the width ds. The stable delamination width is 
plotted as a function of the normalized interface toughness iΓ  in Fig. 3.6.  
Next, when α > 0 (i.e., a stiff film on a relatively compliant substrate), the 
function is unbounded as d/hf → 0. Thus, for all interfaces with 5.0>Γi , a stable 
delamination width ds can be obtained from Eq. (3.8). This indicates that interfacial 
delamination would always occur concomitantly with the channel crack when the 
substrate is more compliant than the film. As shown in Fig. 3.6, the delamination width 
increases as the normalized interface toughness decreases. When 5.0≤Γi , the interfacial 
crack grows unstably and the delamination width approaches infinity.  
When α < 0 (i.e., a compliant film on a relatively stiff substrate), the function 
necessarily starts from zero at d/hf =0, but has a local maximum (Zdm) before it 
approaches the steady state value. The value Zdm decreases as α decreases, which is 
greater than 0.5 when 0 > α > -0.89 and lower than 0.5 when α ≤ -0.89. Consequently, 
when 0 > α > -0.89, no interfacial delamination occurs if dmi Z≥Γ , and stable 
delamination if dmi Z<Γ<5.0 . On the other hand, when α ≤ -0.89, stable delamination 
cannot occur; the channel crack either has no delamination for 5.0≥Γi  or causes unstable 
delamination for 5.0<Γi . The stability of the interfacial delamination is dictated by the 
trend of the interfacial energy release rate with respect to the delamination width (Fig. 
3.4). Although Eq. (3.8) has a finite solution for α < 0 and 5.0<Γi , the interfacial crack 
is unstable because 0>∂∂ dZd  (the minor oscillation of the Zd function has been ignored 
here). Moreover, for both the stable and unstable delamination, a critical defect size is 
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required for the initiation of the interfacial delamination, since the energy release rate 
approaches zero for very short cracks (d/hf → 0). This sets a barrier for the initiation of 
interfacial delamination from the channel crack when the substrate is mechanically stiffer 
than the film.  
 
 
Figure 3.6: The normalized stable delamination width as a function of the normalized 
interface toughness ΣΓ=Γ ii , where fff Eh
2σ=Σ . 
 
The above discussion is summarized in Fig. 3.7 as an interfacial delamination 
map for different combinations of film/substrate elastic mismatch and interface toughness. 
Three regions are identified for (I) no delamination, (II) stable delamination, and (III) 
unstable delamination. In regions II and III, sub-regions for delamination without and 
with an initiation barrier are denoted by A and B, respectively. The boundary between 
Region I and Region II-B is determined from the present finite element calculations, 
corresponding to the maximum interfacial energy release rate for 89.00 −>> α . In an 
experimental study by Tsui et al. [25], no interfacial delamination was observed for 



















channel cracking of a low-k film directly deposited on a Si substrate, while a finite 
delamination was observed when a polymer buffer layer was sandwiched between the 
film and the substrate. These observations are consistent with the delamination map. In 
the former case, the elastic mismatch between the film and the substrate, 91.0−=α , thus  
 
 
Figure 3.7: A map for interfacial delamination from the root of a channel crack (β = α/4): 
(I) no delamination, (II) stable delamination, and (III) unstable delamination, where A 
and B denote delamination without and with an initiation barrier, respectively. 
 
no delamination when the normalized interface toughness 5.0≥Γi  (i.e., Region I in Fig. 
3.7). With a polymer buffer layer, however, the elastic mismatch between the low-k 
material and the polymer is, α = 0.4. Although the polymer layer is relatively thin, it 
qualitatively changes the interfacial behavior from that for α < 0 (Region I) to that for 
0>α (Region II-A). More experimental evidence with different combinations of elastic 
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α = -0.89 
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mismatch, interface toughness, and film stress would be needed for further validation of 
the predicted delamination map.  
3.2.2 Growth of channel crack with stable delamination 
As the question regarding the occurrence of interfacial delamination from the root 
of a channel crack is addressed in the previous section, the next question is: how would 
the interfacial delamination influence the driving force for the growth of a channel crack? 
Again, we consider the steady-state growth. With a stable delamination along each side 
of the channel crack (Fig. 3a), the substrate constraint on the opening of the channel 
crack is relaxed. Consequently, the steady-state energy release rate calculated from Eq. 




















=     (3.9) 
where *Z is a new dimensionless coefficient that depends on the width of interfacial 
delamination (d/hf) in addition to the elastic mismatch parameters. From an energetic 








* 2     (3.10) 
where Gss is the steady-state energy release rate of the channel crack with no 
delamination as given in Eq. (3.1), and Gd (a) is the energy release rate of the interfacial 
crack of width a as given in Eq. (3.3). When 0→fhd , ssss GG →
*  or ZZ →* , 
recovering Eq. (3.1); when ∞→fhd , ∞→
*Z . Furthermore, as ∞→fs hd , since the 
85 
 
interfacial crack approaches the steady state ( dssd GG →  and 5.0→dZ ), the increase of 






2* , or 
fh
dZ Δ=Δ *    (3.11) 
which dictates that the coefficient *Z  increases with the normalized delamination width 
d/hf  linearly with a slope of 1 at the limit of long delamination.  
 
 
Figure 3.8: Increase of the driving force for steady-state channel cracking due to 
concomitant interfacial delamination. 
 
The same finite element model as illustrated in Fig. 3.3 is employed to calculate  
*Z , by integrating the opening displacement along the surface of the channel crack as Eq. 
(3.2). Fig. 3.8 plots the difference, ZZ −* , as a function of fhd  for different elastic 
mismatch parameters. For a compliant film on a relative stiff substrate ( 0<α ), the 
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increase due to interfacial delamination is almost linear for the entire range of 
delamination width. For a stiff film on a relatively compliant substrate ( 0>α ), however, 
the increase is nonlinear for short interfacial delamination and then approaches a straight 
line of slope 1 as predicted by Eq. (3.11). Apparently, with interfacial delamination, the 




Figure 3.9: Influence of the normalized interface toughness ( fff Eh
2σ=Σ ) on the steady-
state driving force for channel crackling. 
 
As discussed in the previous section, the stable delamination width, fs hd , can 
be obtained as a function of the normalized interface toughness, iΓ , by Eq. (3.8), as 
shown in Fig. 3.6. Thus, the coefficient *Z  in Eq. (3.9) may also be plotted as a function 
of iΓ , as shown in Fig. 3.9. When 0>α , ZZ →
*  as ∞→Γi , and ∞→
*Z  as 5.0→Γi ; 
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in between, *Z  increases as iΓ  decreases, because the interfacial delamination width 
increases. When 0=α , ZZ =*  as 9878.0≥Γi  (i.e., no delamination). When 
89.00 −>> α , *Z  increases from Z to infinity within a narrow window of iΓ , where 
stable delamination is predicted (Region II-B in Fig. 3.7). For 89.0−<α , either ZZ =*  
for no delamination or ∞→*Z  for unstable delamination. Therefore, Fig. 3.9 explicitly 
illustrates the influence of the interface toughness on the driving force of channel 
cracking in the film.  
While the interfacial delamination, if occurring, relaxes the constraint on crack 
opening and thus enhances the fracture driving force, it also requires additional energy to 
fracture the interface as the channel crack advances. An energetic condition can thus be 
stated: if the increase in the energy release exceeds the fracture energy needed for 
delamination, growth of the channel crack with interfacial delamination is energetically 
favored; otherwise, the channel crack grows with no delamination. It can be shown that 
this condition is consistent with the delamination map in Fig. 3.7. Considering the 
interfacial fracture energy, a fracture condition for steady-state growth of a channel crack 
can be written as  
dfss WG +Γ≥
*      (3.12) 
where Γf is the cohesive fracture toughness of the film, and Wd is the energy required to 
delaminate the interface accompanying per unit area growth of the channel crack. For 
stable delamination of width d = ds at both sides of a channel crack, the delamination 
energy is  
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  (3.13) 
Again, the phase angle of the interfacial crack is approximately taken as a constant 
independent of the crack length. When 0=sd , Eq. (3.12) recovers the condition for 
cohesive fracture of the film, i.e., fssG Γ≥ . 
Eq. (3.12) may not be convenient to apply directly, since both sides of the 
equation (driving force and resistance, respectively) increase with the interfacial 
delamination. By moving Wd to the left hand side and noting that the stable delamination 
width is a function of the interface toughness, we define an effective driving force for the 




























= 2,,** βα     (3.15) 
Using the effective energy release rate, the condition for the steady-state channel 
cracking is simply a comparison between *effG  and fΓ , the latter being a constant 
independent of the interface. Fig. 3.10 plots the ratio, ( )βα ,* ZZeff , as a function of iΓ  
for different elastic mismatch parameters. At the limit of high interface toughness 
( ∞→Γi ), 0→sd  and ZZeff →
* , which recovers the case of channel cracking with no 
delamination. The effective driving force increases as the normalized interface toughness 
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deceases. Compared to Fig. 3.9, the influence of interfacial delamination on the effective 
driving force is reduced after considering the interfacial fracture energy.  
 
 
Figure 3.10: Effective driving force for steady-state channel cracking as a function of the 
normalized interface toughness ( fff Eh
2σ=Σ ). 
 
3.2.3 Cohesive zone modeling of interfacial delaminaion 
In this section, the approach of cohesive zone model is adopted to study initiation 
and growth of interfacial delamination from the root of a channel crack. The critical 
condition and the stable delamination length are determined and compared to the 
predictions by the LEFM approach in Section 3.2.1. 
By symmetry, only half of the film/substrate structure is modeled, subject to the 
same boundary condition as the finite element model in Fig. 3.3. Figure 3.11 shows an 
example mesh near the root of a channel crack. Both the film and the substrate are 
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modeled by 2D quadrilateral elements (CPE8R). The interface between the film and the 
substrate is modeled by a layer of cohesive elements (COD2D4), defined by the bilinear 
traction-separation relation as illustrated in Fig. 1.9. Similar to section 2.4, the effect of 
mode mix is ignored. In all simulations, the initial stiffness K0 is taken to be a constant 







Figure 3.11: An example finite element mesh near the root of the channel crack, with a 
layer of cohesive elements along the interface between the film and the substrate. 
 
First, the critical stress for initiation of interfacial delamination from the root of a 
channel crack is determined. As discussed in Section 3.2.1, the energy release rate for 
interfacial delamination has three different asymptotic behaviors at the short crack limit 
( 0→fhd ), depending on the elastic mismatch between the film and the substrate. 
When 0<α , the energy release rate (Gd) as given in Eq. (3.3) approaches zero as 
0→fhd , regardless of the stress fσ . By the fracture criterion in LEFM, this would 
predict no interfacial delamination is possible in the case of 0<α ; however, such a 










does not apply for crack initiation. When 0=α , Gd  approaches a finite value (Gd0) as 
0→fhd . In this case, a critical stress for initiation of interfacial delamination may be 
predicted by equalizing the energy release rate with the interfacial fracture toughness, 







=σ      (3.16) 
where ( ) 9878.00,0,00 == dd ZZ  as determined in Section 3.2.1. For 0>α , the energy 
release rate for delamination approaches infinity as 0→fhd . Thus, the LEFM criterion 
would predict a zero critical stress for 0>α ; in other words, interfacial delamination 
always occurs as long as the stress in the film is tensile ( 0>fσ ).  
By the cohesive zone model as illustrated in Fig. 3.11, as the stress in the film 
increases, the cohesive elements at the interface deform according to the bilinear traction-
separation relation. The critical stress for initiation of delamination is determined when 
the first cohesive element reaches the final failure (i.e., D = 1). Apparently, this may lead 
to a critical stress that depends on the size of the cohesive elements. By using a 
sufficiently fine mesh, it is found that the numerical result is insensitive to the element 
size as long as the size of the cohesive element is less than 0.01hf. Figure 3.12 plots the 
calculated critical stress, normalized by the interfacial strength i0σ , as a function of a 
dimensionless group, fiif hE
2
0σΓ . As suggested by Parmigiani and Thouless [57], such a 
dimensionless group represents the ratio between the intrinsic length scale ( 20iifEl σΓ= ) 
for the cohesive zone model and the film thickness. Two different systems are considered 
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with α = 0 and α = 0.6. For each system, three different values of the interface toughness 
(Γi) are used in the numerical model, while the interfacial strength varies. It is found that 
the calculated critical stresses as plotted in Fig. 3.12 collapse onto a single curve for both 
cases, which suggests that the critical stress for initiation of interfacial delamination may 















lf     (3.17) 
 
    
Figure 3.12: The critical stress, normalized by the interfacial strength, for initiation of 
delamination as a function of the normalized length scale, fiiff hEhl
2
0σΓ= , for different 
values of interface toughness: (a) α = 0; (b) α = 0.6. 
 
In Fig. 3.12a, the critical stress predicted by Eq. (3.16) is plotted as a dashed line, 
which is a straight line in the log-log plot with slope 0.5. Evidently, the calculated critical 
stress by the cohesive zone model in this case (α = 0) agrees well with the prediction by 
LEFM when the normalized length scale is relatively small (l/hf < 1). This may be 
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justified as the small-scale bridging condition, for which the fracture criterion of LEFM is 
applicable. As l/hf increases (large-scale bridging), however, the calculated critical stress 
deviates from the LEFM prediction. The cohesive zone model predicts a higher critical 
stress in general, and the discrepancy increases with l/hf. 
For large-scale bridging, a shear-lag model is developed to predict the critical 
condition for initiation of interfacial delamination from the root of a channel crack. The 
detailed description of the shear-lag model is given in Appendix D, where the critical 
stress is determined as a function of interface strength and toughness. For both α = 0 and 
0.6, the critical stress predicted by the shear-lag model is plotted as the solid blue line. 
Note that the substrate compliance is not considered in the shear-lag model. In the regime 
of large normalized length scale, l/hf > 100, the excellent agreement between the results 
by cohesive zone modeling and shear-lag model indicates that the nucleation of 
delamination is predominantly dependent on the interfacial strength. Previous studies [57] 
on beam-like geometries showed similar results that the strength of a cracked body is 
only determined by the cohesive strength of the interface for very large fracture length 
scales. A conclusion can be drawn from Fig. 3.12 is that, cohesive zone modeling bridges 
the gap of fracture resistance between small-scale bridging and large-scale bridging, and 
provides a smooth transition between them.   
Next, growth of interfacial delamination with increasing film stress is studied. As 
discussed in Section 3.2.1, depending on elastic mismatch, interface toughness and film 
stress, there may be no delamination, stable delamination and unstable delamination. The 




















d      (3.18) 
By the same cohesive zone model in Fig. 3.11, the delamination width can be determined 
based on the damage parameters of the cohesive elements. Fiure 3.13 plots the 
normalized delamination width, d/hf, as a function of the film stress in the dimensionless 
form ( iΓΣ ) for two different systems with 0=α  and 6.0=α . For each system, the 
interface toughness is taken to be a constant ( 710−=Γ ffi hE ), while the interfacial 
strength ( fi E0σ ) varies, giving various normalized length scale (l/hf). Superimposed on 
Fig. 3.13 (for both 0=α  and 0.6) is the cohesive zone modeling result for an interface 
with different toughness, 610−=Γ ffi hE , represented by the open symbols. The strength 
is taken to be 40 1058.1
−×=fi Eσ  so that l/hf = 40. The collapse of the results 
corresponding to two different interfaces with l/hf = 40 indicates that the effects of 
interfacial properties on the growth of delamination may be lumped into one parameter, 




















d     (3.19) 
which differs from Eq. (3.18) due to the additional parameter by the cohesive zone model. 
In Fig. 3.13, for both 0=α  and 6.0=α , the delamination width predicted by LEFM in 
Eq. (3.18) is plotted as a dashed line. The comparison shows that the interfacial 
delamination width by CZM approaches the prediction by LEFM as l/hf decreases, which 
confirms that LEFM is applicable at small-scale bridging condition. Note that the 
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difference between the results by the cohesive zone model and LEFM prediction becomes 
smaller as the delamination width increases. This may be attributed to the fact that the 
relative length scale decreases as delamination width increases.  
 
   
Figure 3.13: Normalized delamination width as a function of the normalized film stress 
iΓΣ  ( fff Eh
2σ=Σ ) for (a) 0=α ; (b) 6.0=α . The open symbols are the results for the 
interface with 610−=Γ ffi hE  and 
4
0 1058.1
−×=fi Eσ . 
 
3.3 Effect of substrate penetration 
3.3.1 Crack penetration 
In this section, crack penetrating into the substrate from the channel root (Fig. 
3.1c) is analyzed. For an arbitrary penetration depth pd , the energy release rate for 
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compliant substrate (α > 0), channel cracking of the film should inevitably be 
accompanied by either interfacial delamination or substrate penetration. The competition 
between delamination and penetration will be further discussed in the next section. With 
the calculated energy release rate, the penetration depth can then be obtained by 
equalizing the energy release rate Gp in Eq. (3.20) to the substrate toughness Γs, as given 




















d     (3.21) 
For different elastic mismatches, Eq. (3.21) may have different solutions, which is 
discussed in the following.  
 
 
Figure 3.15: Normalized energy release rate of substrate penetration from the root of a 
channel crack as a function of the normalized penetration depth for different elastic 
mismatch parameters. 




















Figure 3.16: The normalized stable penetration depth as a function of the normalized 
substrate toughness ΣΓ=Γ ss , where fff Eh
2σ=Σ . 
 
When α = β = 0 (i.e., no elastic mismatch), the Zp function has a maximum, Zp 
→3.952 as dp/hf →0, and approaches zero for long cracks. Consequently, when 
952.3≥Γs  (strong interface), the energy release rate for substrate penetration is always 
lower than the substrate toughness, and thus no penetration would occur (i.e., 0=pd ). 
For substrate toughness 952.3<Γs , Eq. (3.21) has a finite solution, in which case the 
channel crack grows with concomitant substrate penetration of depth pd . The normalized 
penetration depth is plotted as a function of the normalized substrate toughness in Fig. 
3.16. When 0>α  (i.e., a stiff film on a relatively compliant substrate), the pZ  function is 
unbounded as 0→fp hd , decreases monotonically with the depth and approaches zero 
as ∞→fp hd . This suggests that a stable substrate penetration depth can be obtained 
from Eq. (3.21), as presented in Fig. 3.16. When 0<α  (i.e., a compliant film on a 


















relatively stiff substrate), similar to the case of interfacial delamination, the pZ  function 
necessary starts from zero at 0=fp hd , and has a local maximum maxpZ . No substrate 
penetration would occur if maxps Z≥Γ , and stable penetration occurs if maxps Z<Γ . 
However, a critical defect size is required for the initiation of the substrate penetration, 
since the energy release rate approaches zero for very short cracks ( 0→fp hd ). It should 
be noted that the penetration crack growth may become unstable for substrates of finite 
thickness. The present study considers only substrates of infinite thickness. 
3.3.2 Channel crack growth with substrate penetration 
With a stable penetration crack into the substrate (Fig. 3.1c), the constraint on the 
opening of the channel crack by the substrate is relaxed. The steady-state energy release 





















=     (3.22) 
where the dimensionless coefficient **Z  depends on the depth of the substrate penetration 
and the elastic mismatch. Similar to the case of interfacial delamination, to account for 
the additional energy required to fracture the substrate, we define an effective driving 































= βα,,****     (3.24) 
Figure 3.17 plots the ratio, ( )βα,** ZZeff , as a function of sΓ  for different elastic 
mismatch parameters. The effective driving force increases as the normalized substrate 
toughness decreases. At the limit of high substrate toughness ( ∞→Γs ), 0→pd  and 
ZZeff →
** , which recovers the case of channel cracking with no substrate penetration.  
 
 
Figure 3.17: Effective driving force for steady-state channel cracking as a function of the 
normalized substrate toughness. 
 
3.3.3 Cohesive zone modeling 
By assuming a pre-existing penetration crack, the occurrence of substrate 
penetration from the channel root is discussed in Section 3.3.1. In this section, similar to 
the case of interfacial delamination, by the approach of cohesive zone model, both the 



















initiation and growth of substrate penetration are determined and compared to the 
predictions by the approach of LEFM. Figure 3.18 shows an example mesh near the root 
of a channel crack. Both the film and the substrate are modeled by 2D quadrilateral 
elements (CPE8R). A layer of cohesive elements (COH2D4), defined by the bilinear 
traction-separation relation as illustrate in Fig. 1.9, is placed straight ahead in the 
substrate. In all simulations, the initial stiffness K0 is taken to be a constant 
( 10 =ff EhK ) while the strength ( s0σ ) and toughness ( sΓ ) are varied. 
 
 
Figure 3.18: An example mesh near the root of a channel crack, with a layer of cohesive 
elements straight ahead in the substrate. 
 
First, the critical stress for initiation of substrate penetration is determined. As 
discussed in Section 3.3.1, at the limit of short crack ( 0→fp hd ), the energy release rate 
for substrate penetration has three different asymptotic behaviors depending on the elastic 
mismatch. When α < 0, Gp → 0 as dp/hf  → 0, indicating that no substrate penetration is 






LEFM criterion predicts that the channel root always penetrates into the substrate. When 
α = 0, Gp approaches a finite value (Gp0) as dp/hf  → 0. In this case, the critical stress for 
initiation of substrate penetration can be predicted based on the LEFM criterion, namely, 







=σ      (3.25) 
where Zp0 = Zp(0,0,0) = 3.952 as determined in Section 3.3.1. 
By the cohesive zone model as illustrated in Fig. 3.18, the critical stress for 
substrate penetration can be determined. Figure 3.19 plots the critical stress, normalized 
by substrate strength s0σ , as a function of the dimensionless length scale, fssf hE
2
0σΓ . 
Both 0=α  and 6.0=α  are considered. For each elastic mismatch, three different values 
of substrate toughness are used in the finite element model, while the substrate strength 
varies. For both 0=α  and 6.0=α , the calculated critical stresses in Fig. 3.19 collapse 
onto a single curve, which indicates that the normalized critical stress for initiation of 















lf     (3.26) 
In Fig. 3.19a, the critical stress predicted by Eq. (3.25) is plotted as a dashed line, which 
is a straight line with slope 0.5 in the log-log plot. For α = 0, the comparison shows that 
the critical stress by the cohesive zone model agrees well with the prediction by LEFM 
when the normalized length scale is relatively small (l/hf < 1). As the ratio l/hf increases, 
the calculated critical stress deviates from the LEFM prediction. The same conclusion can 
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be drawn for 6.0=α  as shown in Fig 3.19b, where the result by LEFM predicts a zero 
critical stress.  
 
    
Figure 3.19: The critical stress, normalized by the substrate strength, for initiation of 
substrate penetration as a function of the normalized length scale, l/hf, for three different 
values of substrate toughness: (a) α = 0; (b) α = 0.6.  
 
Using the same cohesive zone model in Fig. 3.18, the growth of substrate 
penetration is studied in the following part. Figure 3.20 plots the normalized penetration 
depth, dp/hf, as a function of the normalized film stress, sΓΣ , for both elastic mismatches 
of α = 0 and α = 0.6. For each elastic mismatch, similar to the case of interfacial 
delamination, the cohesive zone modeling results for three different normalized length 
scales (l/hf) are presented, with fixed interface toughness ( 710−=Γ ffs hE ). Again, the 
collapse of results corresponding to different cohesive parameters but same length scale 
indicates that the penetration depth can be expressed as 
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    (3.27) 
The penetration depth by LEFM as given in Eq. (3.21) is plotted as a dashed line in Fig. 
3.20. The comparison shows that the result by CZM approaches that by LEFM as the 
length scale decreases. 
 
  
Figure 3.20: Normalized penetration depth as a function of the normalized film stress 
sΓΣ  ( fff Eh
2σ=Σ ) for (a) α = 0; (b) α = 0.6. The open symbols are the results for the 
interface with 610−=Γ ffs hE  and 
4
0 1016.3
−×=fs Eσ . 
 
3.4 Competition between delamination and penetration 
As discussed above, both interfacial delamination and substrate penetration can 
take place at the root of a channel crack, depending on the material properties of the film, 
the interface and the substrate. Both interfacial delamination and substrate penetration 
increase the driving force for channel cracking of brittle films, and both require additional 
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energy to fracture either the interface or the substrate. In this section, the competition 
between delamination and penetration is first examined based on a LEFM approach and 
then investigated by a cohesive zone model. 
3.4.1 An energy criterion 
Based on the discussions in sections 3.2.2 and 3.3.2, the competition between 
delamination and penetration is examined with respect to the toughness ratio between the 
interface and the substrate as well as the elastic mismatch. First, for 0== βα , no 
interfacial delamination is predicted when 9878.0≥Γi , and no substrate penetration is 
possible when 952.3≥Γs . The two conditions correspond to two straight lines in Fig. 
3.21a (normalized driving force, sΓΣ , versus the toughness ratio, si ΓΓ ), dividing the 
plane into four regions: (I) no delamination and no penetration; (II) delamination only; 
(III) penetration only; (IV) both delamination and penetration are possible. In Region IV, 
interfacial delamination is favored when *** effeff ZZ >  (Region IV-a) and substrate 
penetration is favored otherwise (IV-b). In Regions II and IV-a, the dashed line represents 
the condition 5.0=Γi , beyond which interfacial delamination becomes unstable.  
For a compliant substrate ( 0>α ), both interfacial delamination and substrate 
penetration are possible over the entire plane as shown in Fig. 3.21b. By comparing the 
effective driving forces, interfacial delamination is favored when *** effeff ZZ >  and substrate 
penetration is favored otherwise. The critical boundary is shown by the red line. It was 
found that stable interfacial delamination occurs only when 5.0<ΓΓ si , which is 
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represented by the dashed line. 
 
   
Figure 3.21: Competition between interfacial delamination and substrate penetration at 
the root of a channel crack: (a) α = 0, and (b) α = 0.6. 
 
3.4.2 Cohesive zone modeling 
To further understand the competition between interfacial delamination and 
substrate penetration, we developed a cohesive zone model to simulate the initiation of 
delamination or penetration cracks from the channel root without setting a pre-existing 
crack along the interface or into the substrate. Fig. 3.22 shows an example mesh near the 
root of a channel crack. With cohesive elements placed both along the interface and 
straight ahead in the substrate, a channel crack can chose to deflect into the interface or 
penetrate into the substrate.  
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Figure 3.22: An example mesh near the root of a channel crack, with cohesive elements 
placed both along the interface and straight ahead in the substrate. 
 
In this section, the system of a stiff film on a relatively compliant substrate is 
considered, with 6.0=α . In all simulations, the effect of mode mix on interfacial 
delamination is ignored. The competition between delamination and penetration depends 
on the cohesive properties of the interface and the substrate, including strength and 
toughness: i0σ , iΓ , s0σ , sΓ . In our calculations, the initiation of either fracture mode is 
defined as occurring when the first cohesive element along the interface or in the 
substrate reaches the final failure (i.e., D=1). For constant substrate strength and 
toughness, 40 105
−×=fs Eσ  and 
610−=Γ ffs hE , the competition between delamination and 
penetration is presented in Fig. 3.23 in the form of strength ratio, si 00 σσ , versus 
toughness ratio, si ΓΓ  between the interface and the substrate. The dash-dot line 
represents the result by LEFM, which predicts that stable interfacial delamination occurs 
only when 5.0<ΓΓ si . Figure 3.23 shows that interfacial delamination is promoted by 





one hand, for given interface toughness, delamination is predicted when the interfacial 
strength is lower than a critical value. Examples are shown as the open circles. When the 
interfacial strength is beyond the critical value, substrate penetration is predicted, shown 
as the open squres. On the other hand, for given interfacial strength, delamination is 
favored at lower interface toughness, and penetration is favored otherwise. Two examples 
of stress contour are shown in Fig. 3.24, one with interfacial delamination and the other 
with substrate penetration. Further studies are needed to systematically examine the 
effects of the cohesive parameters on the competition between fracture modes, as well as 
the comparison between numerical results by CZM and the predictions by LEFM.  
 
 
Figure 3.23: Competition between delamination and penetration for constant substrate 
strength and toughness, with 40 105
−×=fs Eσ  and 
610−=Γ ffs hE . 
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Figure 3.24: Numerical simulations by the cohesive zone modeling, showing (a) 
interfacial delamination, and (b) substrate penetration from the root of a channel crack. 
 
3.5 Implications for reliability of integrated structures 
The present study predicts that channel cracking in an elastic thin film on a 
relatively compliant substrate is always accompanied by interfacial delamination or 
substrate penetration. This differs from the case for an elastic film on a relatively stiff 
substrate, in which channel cracks may grow without interfacial delamination and 





integrated structures. As an example, for interconnect structures in microelectronics, the 
low-k dielectrics is usually more compliant compared to the surrounding materials. 
Therefore the fracture of low-k dielectrics by channel cracking is typically not 
accompanied by interfacial delamination. However, when a more compliant buffer layer 
is added adjacent to the low-k film, interfacial delamination can occur concomitantly 
with channel cracking of the low-k film [25]. Moreover, a relatively stiff cap layer (e.g., 
SiN) is often deposited on top of the low-k film [104]. Channel cracking of the cap layer 
on low-k could be significantly enhanced by interfacial delamination. Flexible electronics 
is another area of applications where compliant substrates have to be used extensively 
along with mechanically stiffer films for the functional devices and interconnects [3, 4]. 
Here, interfacial delamination could play a critical role in the reliability assessment. As 
shown in a previous study by Li and Suo [105], the stretchability of metal thin-film 
interconnects on a compliant substrate can be dramatically reduced by interfacial 
delamination. For brittle thin films on compliant substrates, as considered in the present 
study, interfacial delamination has a similar effect on the fracture and thus deformability 
of the devices.  
3.6 Summary  
In summary, this chapter considers concomitant interfacial delamination/substrate 
cracking and channel cracking in elastic thin films. Using a set of finite element models, 
the effects of interfacial delamination and substrate penetration on channel cracking of 
brittle thin films are analyzed. It is found that, depending on the elastic mismatch and the 
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toughness of interface and substrate, a channel crack may grow with interfacial 
delamination and/or substrate cracking. An effective energy release rate for the steady-
state growth of a channel crack is defined to account for the influence of interfacial 
delamination/substrate cracking on both the driving force and the resistance, which can 
be significantly higher than the energy release rate assuming no interfacial delamination 
or substrate penetration. By comparing the effective energy release rate, the competition 
between the two fracture modes is discussed. Cohesive zone modeling is then employed 
to simulate the nucleation and growth of delamination and penetration from the root of a 
channel. By comparing the results from the approaches of LEFM and CZM, the 





Extraction of interfacial traction-separation relations 
 
In Chapters 2 and 3, by using cohesive zone models, both nucleation and growth 
of interfacial delamination have been simulated, without assuming a pre-existing crack. 
The competition between crack paths has also been examined. Compared to other 
modeling approaches, the cohesive zone model has its unique advantages. In particular, 
this approach is capable of modeling interface fracture over a wide range of length scales, 
which is important for the mechanical reliability analysis of integrated systems [1, 2]. 
However, the interfacial traction-separation relations are required as input for cohesive 
zone models. Thus, the major obstacle to the application of the cohesive zone modeling 
approach lies in the difficulty of obtaining interfacial parameters associated with traction-
separation relations (including both strength and toughness) from experiments. In 
addition to the global measurements that are commonly used for determination of the 
interface toughness (e.g., four-point bend tests), more detailed local measurements are 
required to determine the nonlinear traction-separation relation for a cohesive interface. 
By combing finite element modeling with experimental measurements, the objective of 
this chapter is to develop a unified approach to characterize interfacial properties over a 
wide range of length scales. 
4.1 Iterative and direct methods 
Experimental measurements of traction-separation relations are generally based 
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on either indirect or direct method. The indirect method uses an iterative procedure based 
on finite element simulations [65, 106-108]. For this method, various cohesive 
parameters are presumed in finite element models, and the traction-separation relation 
that gives the best matches between numerical predictions and experimental 
measurements is selected as the true one. For example, fracture characteristics of an 
Al2O3/Al composite are obtained by comparing the measurements of resistance curves 
and work of rupture with the predictions by a micromechanical model considering the 
effects of crack bridging by the Al reinforcements [106]. By means of compact-tension 
specimens [108], the traction-separation law is extracted by fitting the numerical load-
displacement curve to the experimental data. The interfacial traction-separation relations 
are determined by comparing the finite element predictions of normal crack opening 
displacements with those measured by experiments [65, 107, 109]. 
For direct method, the traction-separation relation is determined directly from 
experiments instead of performing iterative finite element simulations and comparisons. 
One approach is proposed [110-112] to perform tensile tests on circumferentially notched 
specimens, from which the tractions as a function of the locally measured separations can 
be determined. However, the traction across the width of the specimen must be uniform, 
which is usually difficult to achieve. Another direct method is based on J-integral, which 
is originally proposed [113] to determine the traction-separation relation for concrete. By 
simultaneously recording the J-integral and the crack tip opening displacement, the 
traction-separation relation can be derived. The J-integral technique has been applied to 
different materials including concrete [114], fiber reinforced concrete [115-117] and 
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rocks [114, 118], and for cementitious composites [119]. More recently, this approach has 
been successfully employed in extraction of the traction-separation relations for adhesive 
bonds [120], fiber-reinforced composites [66] and polyurea/steel sandwich interface 
[121]. Based on the J-integral technique, a hybrid approach combining numerical 
simulations with experimental measurements is developed in this chapter to determine 




Figure 4.1: Determination of traction-separation relation from J-integral. 
 
As discussed in Chapter 1, evaluating the J-integral locally over a contour around 





δδσ dJJ tip     (4.1) 
where tipJ  is the J-integral calculated over a contour close to the crack tip, 
*δ  is the crack 
tip opening displacement, δ  is the crack opening displacement in the cohesive zone, and 
σ(δ) is the associated traction along the crack faces within the cohesive zone. 
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Consequently, if both *δ  and the J-integral can be measured accurately, the interfacial 
traction-separation relation can be determined by the following equation[66, 122] 
( ) ** δδσ d
dJ
=      (4.2) 
It should be noted that although Eq. (4.2) is simple, there could be some uncertainties in 
implementing it experimentally. The effects of J-integral calculation and the accuracy of 
the crack tip location on the success of such measurements are examined in sections 4.3 
and 4.4 by both analytical and finite element models. The examination provides a guide 
to improve key measurements for experiments to successfully extract the traction-
separation relation of an interface. In collaboration with Dr. Liechti’s group, a mode-I 
fracture experiment of wedge-loaded double cantilever beam (DCB) test is conducted and 
simulated. 
4.2 Wedge-loaded double cantilever beam (DCB) tests  
4.2.1 Experimental setup 
The mode-I experiment is conducted on the DCB specimens, using a screw-driven 
loading device, which could be used for both inserting and withdrawing a wedge. Figure 
4.2 is the schematic of the wedge-loaded DCB test. The preparation of the sandwich 
Si/epoxy/Si specimens is introduced in details in [123]. For the DCB test, the J-integral is 
determined through measurements of the crack length a, and the crack tip opening 










Figure 4.2: Schematic of a wedge-loaded double cantilever beam test. 
 
For the specimen in Fig. 4.2, two Si beams are bonded using epoxy. The thickness 
of each Si beam is hSi, the thickness of the wedge is hw, and the thickness of the epoxy is 
hepoxy. The crack length, denoted by a, is defined as the distance between the leading edge 
of the wedge and the crack tip. An initial crack a0 is introduced, with length a1 along the 
interface between the two Si beams and length 10 aa −  along the interface between the 
epoxy layer and the top Si beam. The wedge is inserted between the Si beams to open the 
initial interfacial crack. During the test, the distance that the wedge is inserted (uw) is 
controlled by a micrometer screw, and a microscope is used to determine the positions of 
the crack front and the leading edge of the wedge. This allows the new crack length at 
each increment to be determined as wuaaa −Δ+= 0 , where ∆a is the length of crack 
growth. With the measured crack length, the J-integral can be obtained by calculating the 






















==     (4.3) 
where ESi is the Young’s modulus of Si. Eq. (4.3) suggests that the interface toughness 
can be determined by measuring the steady-state crack length (ass). Eq. (4.3), however, 
may not be accurate for four reasons: (1) it does not account for the end rotation at the 
crack tip; (2) it neglects shear deformation in the beams; (3) it assumes the small-scale 
bridging at the interface; (4) it neglects the deformation of the epoxy layer. The accuracy 
of  the J-integral calculations by Eq. (4.3) is further discussed in Sections 4.3 and 4.4. 
In addition to the J-integral, local crack opening displacements are required to 
experimentally determine the traction-separation relation. For mode-I tests, only normal 
crack opening displacements (NCOD), δn, are needed. As the displacement of the wedge 
is controlled, the NCODs near the crack tip is measured by infrared crack-opening 
interferometry (IC-COI) [124], which is an extremely useful technique for measuring 
NCOD, tracking changes in crack front geometry and observing crack closures. IR-COI 
uses an infrared beam and its interaction with the crack faces to measure NOCD [124]: 
the infrared beams that are reflected from the two crack faces interact with each other and 
form interference fringes due to their optical path difference, and the NCOD can then be 
obtained by reading the fringes. A detailed description of determination of NCOD using 
interference fringes can be found in [123], together with the validity of this technique 
through two experiments. For the wedge-loaded DCB tests, the determination of NCODs 
through IR-COI is performed using an infrared microscope, thereby making use of the 
transparency of silicon to IR. The microscope is fitted with an internal beam splitter and 
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an IR filter to provide the normal incident beam, since the COI configuration used here 
requires the input IR beam to be normal to the crack faces. During the loading procedure, 
the digital camera focused upon the crack front captures the movement of fringes, and the 
images captured are then processed by image processing software. The resolution of IR-
COI is 260nm, and it can be improved by interpolation between the dark and bright 
fringes. 
4.2.2 Experimental results 
A series of wedge-loaded DCB tests are performed, and the results presented in 
the present study are for one sample, for which the geometric parameters of the specimen 
are hSi = 0.28mm, hw = 0.085mm, hepoxy = 0.025mm, a0 = 13mm, a1 = 10mm. The elastic 
properties for Si and epoxy are ESi = 168GPa, νSi = 0.22, Eepoxy = 2.03GPa, νepoxy = 0.33. 
Figure 4.3 is the measured crack length as a function of the wedge displacement. First the 
crack front does not move and thus the crack length decreases linearly with the wedge 
displacement (a = a0 - uw). At a critical wedge displacement, the crack front suddenly 
jumped forward, giving a set of crack length data for the same wedge displacement.  
Further increasing the wedge displacement, the crack front moves almost simultaneously, 
giving a constant crack length and indicating a steady state. The steady-state crack length 
ass is thus measured as a critical quantity for determining the interfacial properties. Figure 
4.4 shows the measured NCODs at different crack lengths, which are to be compared 




Figure 4.3: Measured crack length as a function of the wedge displacement. 
 
 
Figure 4.4: Measured normal crack opening displacements (NCODs) for different crack 
lengths. 
 
4.3 An analytical model 
To study the effects of experimental measurements on the accuracy of extraction 
of traction-separation relations, in this section, we develop an analytical solution based on 


































































an approximate model for the wedge-loaded DCB specimen. The epoxy layer is neglected 
in the analytical model considering that it is much thinner than the Si beam. By symmetry, 
only the top beam is considered (Fig. 4.5). The deflection of the beam is governed by the 





     (4.4) 
where EI is the flexural rigidity of the beam with I =bh3/12 for a beam of thickness h and 
width b, E is Young’s modulus of the material, v as a function of x is the deflection, and q 
is the intensity of the distributed load (force per unit length) acting on the beam. As 
shown in Fig. 4.5, for a DCB specimen with a crack of length a (measured from the 
loading point to the crack tip), the interfacial load intensity can be specified in two 
regions. First, for 0<x , where the interface has been fully fractured, we have zero load 
intensity (q = 0). Ahead of the crack tip ( 0>x ), a cohesive zone develops as the crack 
opens up. At each point along the interface, the opening displacement (δ) is related to the 
opening stress (σ) by the specified traction-separation relation, and consequently the load 
intensity depends on the traction-separation relation of the interface, i.e., ( )δσbq = , 
noting that δ = 2v for the symmetric DCB. In this section, we solve this problem 
analytically using the bilinear traction-separation relation as shown in Fig. 1.9. Since the 
DCB specimen is symmetrically loaded, only the mode-I parameters are needed in this 












Figure 4.5: Schematic of the upper beam in a wedge-loaded DCB specimen. 
 
For the bilinear traction-separation relation, the problem can be solved in two 
steps. First, starting from a virgin DCB specimen with an initially closed crack, as the 
crack opens up, the interface opens elastically until the crack tip opening displacement 
(CTOD) reaches the critical value (δ0) for damage initiation. The CTOD is simply the 
deflection at x = 0, i.e., δ* = 2v(0). Next, when δ* > δ0, a damage zone develops ahead of 
the crack tip, until the CTOD reaches the critical value (δc) for fracture. For the wedge-
loaded DCB specimen, the crack length a first decreases as the wedge is pushed towards 
the crack tip, until the CTOD reaches δc. Subsequently, pushing the wedge further, the 
crack advances in a steady state with a constant crack length (ass). 
Solving Eq. (4.4) for 0<<− xa  along with the boundary conditions, we obtain 




























Paxx θδδ    (4.5) 
where δ* is the CTOD and θ* the crack-tip opening angle (CTOA). The opening 
displacement at the loading point ( ax −= ) is thus  










2 δθ ++=Δ a
EI
Pa      (4.6) 
We note that, while Eqs. (4.5) and (4.6) are independent of any specific traction-
separation law for the interface, the CTOD (δ*) and CTOA (θ*), both varying with the 
load (P) and the crack length (a), depend on the interfacial properties.  
4.3.1 Elastic opening of the interface 
When δ* < δ0, the load intensity ahead of the crack tip (x >0) is simply, q = 2bK0v, 







vd      (4.7) 
Assume that the DCB specimen is infinitely long, with zero deflection and rotation at 
infinity (x→∞). Along with the boundary conditions at the crack tip (x = 0), we solve Eq. 
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To find the CTOD and CTOA, we apply the continuity conditions for the bending 




























θδλ      (4.10) 
Solving Eqs. (4.9) and (4.10) simultaneously, we obtain that 
( )13* += aEI
P λ
λ
δ      (4.11) 
( )122* += aEI
P λ
λ
θ      (4.12) 
Inserting Eqs. (4.11) and (4.12) into Eq. (4.6), we obtain the opening displacement at the 


















   (4.13) 
The corresponding energy release rate is then obtained as follows. First, the elastic strain 



































   (4.15) 
































λ   (4.16) 
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aPG Δ≈≈     (4.17) 
which recovers the simple result for DCB assuming perfectly bonded interface (i.e., δ* = 
0 and θ* = 0). Similar solutions for the energy release rate in Eqs. (4.15) and (4.16) were 
obtained previously using elastic foundation models [125-128]. 










==     (4.18) 
which recovers the elastic part of the bilinear traction-separation law (δ* < δ0). It is thus 
possible to determine the initial stiffness of the interface by measuring the CTOD. 
The critical load for damage initiation at the crack tip is obtained by setting δ*= δ0, 

































   (4.19b) 














=== KEhG    (4.20) 
which depends on the interfacial strength and stiffness, independent of the interfacial 
toughness or the initial crack length. On the other hand, the critical load (P0 or Δ0) 
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depends on the crack length. 
4.3.2 Crack opening with a damage zone 
Next, when δ* > δ0, the traction along the interface can be specified in two parts. 
Assume a damage zone of length c ahead of the crack tip. Within the damage zone (0 < x 
< c), where the damage variable D as defined in Eq. (1.10) varies between 0 and 1, the 
load intensity varies accordingly, i.e., q =2bK0(1-D). Beyond the damage zone (x > c), the 



















   (4.21) 
























The NCOD for x < 0 is given in Eq. (4.5). At the crack tip (x = 0), we have the 
continuity conditions: 




























































=−      (4.24d) 




















































































   (4.25) 
The deflection in Eq. (4.22) is thus fully determined once the CTOD and CTOA are 
determined.  
















0)(0 cxcxexv cx λ
λδ
θλδ λ      (4.26) 
where θ0 is the opening angle of the interface at x = c and the NCOD at x = c has been set 
to be δ0 according to the bilinear traction-separation law.  
The continuity conditions at x = c requires that 
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   (4.29) 
where 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
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Given the material properties of the elastic beam and the interface, we can solve 
Eq. (4.29) by linear algebra to obtain four unknown quantities: 
EI
Pa 3 , cδδ −
* , μθ /* , and 
θ0/µ for a specific crack length a and damage zone size c. For a particular wedge 







2, δθ . Since the epoxy is neglected in the analytical model, hw 
should be taken as the effective thickness, defined as the net difference between the 
thickness of the wedge and the epoxy layer, i.e. hw = hSi – hepoxy = 0.06mm. For the 
present study, we have used K0 =1015N/m3, σ0 =1.8×1017N/m2, and Γ=1.8J/m2. 
Fig. 4.6a plots the opening displacement (Δ) for different crack lengths, with 
dashed line corresponding to hw, and Fig. 4.6b plots the damage zone size (c) as a 
function of the crack length (a). The results show that the interface opens elastically 
before the wedge is pushed in when the initial crack a0 > 13mm, the interface is partially 
damaged for relatively small a0, and fully damaged for a0 < 5.75mm. The damage zone 
size increases nonlinearly with the decrease of crack length until crack growth, and then 
remains a constant as the crack grows in a steady state.  
 
    
Figure 4.6: (a) Opening displacements at the loading point as a function of the damage 
zone size for different crack lengths, calculated based on the analytical model; (b) the 
damage zone size as a function of the crack length for effective hw = 0.06mm. 
 
























































Fig. 4.7a plots the crack opening displacements at different crack lengths. The 
vertical dashed line indicates the location of the initial crack tip (x = 0), and the 
horizontal dashed line indicates the critical opening displacement (δc = 2Γ/σ0 = 200nm). 
The interfacial crack tip starts advancing when the crack length reaches a critical value a 
= 5.75 mm, where the crack tip opening displacement (CTOD) reaches the critical 
separation, δ* = δc. Fig. 4.7b shows the traction along the interface, which is zero for x < 0. 
For x > 0, the traction increases until it reaches the interfacial strength (σ0 =18MPa), 
beyond which point the traction decreases and becomes negative. The first part 
corresponds to a damage zone, and the second part is due to elastic bridging. The 
negative traction is a result of contact between the two surfaces.  
 
   
Figure 4.7: Results from the analytical model: (a) crack opening profiles; (b) distributions 
of the interfacial traction. 
 
The energy release rate for the wedge-loaded DCB specimen can be calculated by 
the J-integral over a contour around the crack tip enclosing the entire cohesive zone:  









































































dvxJG σ     (4.31) 
With the bilinear traction-separation relation of the interface, we obtain that 























δδ    (4.32) 
where G0 is the critical energy release rate for damage initiation as given in Eq. (4.20). It 
























  (4.33) 
which recovers the traction-separation relation. 
As introduced in the previous section, the accuracy of experimentally determined 
traction-separation relation relies on the accuracy of J-integral calculations and the crack 
tip location. The effects of the two essential factors, J and δ*, on the extraction of 
interfacial traction-separation relation are examined in the following. Using the analytical 
model with interfacial interaction, we plot in Fig. 4.8a the energy release rate as a 
function of the crack length. For comparison, the energy release rate predicted by the 
simple DCB in Eq. (4.3) is also plotted, together with that by Eq. (4.16). Using Eq. (4.16), 
the interaction across the interface is purely elastic, and it predicts an energy release rate 
slightly lower than that from Eq. (4.3) but higher than Eq. (4.32), for which the interfacial 
interaction includes a damage zone. When the crack length is large, consequently small 
damage zone, the energy release rates predicted by the three formulas are nearly identical. 
The discrepancy increases between Eq. (4.3) and Eq. (4.32) with the decrease of the crack 
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length (i.e. increase of damage zone). Fig. 4.8b is the crack opening displacement as a 
function of the crack length for the crack tip and two nearby points.  
 
     
Figure 4.8: (a) The energy release rate as a function of the crack length; (b) the crack 
opening displacements as a function of the crack length for the crack tip and two nearby 
points. 
 
Based on Fig 4.8, Fig 4.9a plots the calculated J-integral as a function of crack 
opening displacement for the crack tip and two nearby points. From Eq. (4.2), the 
traction-separation relation for an interface can then be determined, as shown in Fig. 4.9b. 
It can be seen that using CTOD recovers the bilinear traction-separation relation in the 
analytical model, and using the opening displacement not at the crack tip leads to errors 
in the traction-separation relation. Therefore the success of such measurements relies on 
the accuracy of J-integral calculations and the crack tip location. 
 

























































      
Figure 4.9: (a) Calculated J-integral versus the crack opening displacements by Eq. 
(4.32); (b) calculated traction-separation relation using the crack-tip opening 
displacement in comparison with two nearby opening displacements by Eq. (4.2). 
 
4.4 Finite element analysis 
In this section, two-dimensional finite element models are developed in ABAQUS 
[68] to simulate the interfacial delamination of the wedge-loaded DCB test. First, to 
better understand the results from the analytical solution, the numerical results by a 
bilayer finite element model are presented. A trilayer model including the epoxy is then 
constructed, and the effects of the epoxy layer on the measurable quantities (the crack 
length and NCOD) are studied. In comparison with the experimental data, the traction-
separation relation for the Si/epoxy interface is determined. 
4.4.1 A bilayer model 
Figure 4.10 is an example mesh around the crack tip. The Si beams are modeled 
using 8-node quadrilateral plane-strain elements (CPE8R). The wedge is modeled as a 



















x = 18.78μm(a) (b) 
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rigid body with frictionless hard contact with the surface of each Si beam. The interface 
between the Si beams is modeled by a layer of cohesive elements (COH2D4), using the 
bilinear traction-separation relation in ABAQUS as shown in Fig. 1.9. The geometries 
and material properties have been presented in Section 4.2.2, and the interfacial cohesive 
parameters are the same as those used in the analytical model (K0 =2×1015N/m3, σ0 
=18MPa, and Γ =1.8J/m2) 
 
 
Figure 4.10: An example mesh around the crack tip of the bilayer numerical model. 
 
Figure 4.11 shows the numerical results of the bilayer model, in which the wedge 
displacement (uw) increases gradually as the loading parameter. Figures 4.11a and 4.11b 
plot the crack opening profiles and the distributions of the interfacial tractions at different 
loading displacements, corresponding to different crack lengths. The interfacial crack tip 
starts advancing when uw =7.275mm. Both of the plots agree qualitatively with Fig. 4.7 
by the analytical solution. Fig. 4.11c shows the interfacial damage variable D, which 
varies between 1 and 0 within the damage zone. As the crack tip advances, it leaves 
behind a pair of new crack surfaces with D = 1 and σ = 0. 
Bottom Si beam 











Figure 4.11: Numerical simulation of a wedge-loaded DCB specimen: (a) the crack 
opening displacement; (b) the interfacial traction; (c) the interfacial damage variable. 
 
Figure 4.12a plots the crack length as a function of the wedge displacement, 






a = a0 – uw until the crack starts to grow when uw =7.275mm. Figure 4.12b shows the 
damage zone size as a function of the wedge displacement. The analytical model result is 
also plotted. The comparison shows that the analytical solution overestimates the damage 
zone size, which may be attributed to the simple beam approximation in the analytical 
model. 
 
      
Figure 4.12: (a) The crack length and (b) the damage zone size versus the wedge 
displacement for a wedge-loaded DCB specimen. 
 
Figure 4.13a is the CTOD as a function of the crack length, in comparison with 
the analytical solution. The numerical simulation agrees well with the analytical model 
for long cracks, and slight discrepancy occurs as the crack length decreases, with the 
analytical model overestimating the CTOD. Figure 4.13b is the numerical result of the 
energy release rate as a function of the crack length, with the analytical solutions by Eqs. 
(4.3) and (4.32) also plotted. The comparison shows that the analytical model improves 
the agreement with the numerical simulations compared to the simple beam equation in 
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Eq. (4.3). There is still discrepancy between the analytical model and finite element 
simulation, which may be attributed to the shear effect [126, 127]. 
 
      
Figure 4.13: (a) The crack tip opening displacement and (b) the energy release rate as a 
function of the crack length.  
 
4.4.2 A trilayer model 
In previous sections, we have developed both analytical and numerical bilayer 
models for wedge-loaded DCB specimens using a bilinear traction-separation relation for 
the interface. The modeling results provide insightful details for crack opening and 
interfacial delamiantion. In particular, it is emphasized that both the J-integral and the 
crack tip must be accurately measured to obtain the correct traction-separation relation. In 
this section, a trilayer model is constructed, consisting of two Si beams with an epoxy 
layer in between as in Fig. 4.2. The effects of both epoxy layer and interfacial parameters 
(toughness and strength) on the crack length and NCOD are examined. 
















































Figure 4.14: An example mesh around the crack tip of the trilayer finite element model. 
 
Figure 4.14 is an example mesh around the crack tip. Both the Si beams and the 
epoxy layer are modeled using 8-node quadrilateral plane-strain elements (CPE8R). The 
interface between the epoxy and the top Si beam is modeled by a layer of cohesive 
elements (COD2D4), while the epoxy and the bottom Si beam are perfectly bonded. The 
effect of mode mix is ignored in the present model as the DCB test is predominantly 
mode-I, and the same interfacial cohesive parameters are used, with K0 = 2×1015N/m3, σ0 
= 18MPa, and Γ =1.8J/m2. The elastic properties are Eepoxy = 2.03GPa, vepoxy = 0.33. 
Figure 4.15a plots the crack length as a function of the wedge displacement. For 
comparison, the result by the bilayer numerical model is also plotted. The effect of the 
epoxy layer on the crack length is negligible, with difference around 0.4% for the steady-
state crack length (ass = 5.7mm for the trilayer model and ass = 5.725 for the bilayer 
model). Figure 4.15b is the NCODs around the crack tip for different wedge 
displacements before crack growth. The dashed lines represent the numerical results by 
the bilayer model for the same wedge displacements. The comparison shows that the 








by the bilayer model, especially for the opening profile in the region near the crack tip. 
The effect of the epoxy layer on the NCODs is attributed to the fact that epoxy is much 
more compliant than Si. As a result, the local deformation of the epoxy layer needs to be 
considered in the analysis of the local NCOD data.  
 
       
Figure 4.15: Comparison between the bilayer and trilayer finite element models. (a) the 
crack length as a function of the wedge displacement, and (b) crack opening profiles for 
different wedge loading displacements. 
 
As discussed in Chapter 1, the key parameters for cohesive interface modeling are 
the cohesive strength σ0 and toughness Γ, while the initial elastic stiffness (K0) plays a 
secondary role. In the following study, we fix the initial stiffness as K0 = 2×1015N/m3, and 
vary the strength and toughness to examine their effects on the measured quantities (ass 
and NCOD).  
Figure 4.16a shows the steady-state crack length ass as a function of the interface 
toughness for two different interfacial strengths, in comparison with Eq. (4.3). Clearly Eq. 


























































(4.3) overestimates the interface toughness for a particular crack length. On the other 
hand, ass depends weakly on the interfacial strength, as shown in Fig. 4.16b, suggesting 
that the interface toughness can be determined by matching the steady-state crack length 
calculated by the numerical model to that measured by experiments. 
 
     
Figure 4.16: Steady-state crack length (ass) calculated by the trilayer finite element 
model: (a) effect of the interface toughness; (b) effect of the interfacial strength. 
 
Figure 4.17 shows the steady-state NCOD near the crack tip for different 
interfacial strength with a constant interface toughness Γ = 1.8J/m2. To compare with the 
measurements, r = 0 is set at the point with the opening displacement δn = 10nm, which is 
the minimum NCOD that can be measured by the IR-COI technique. The results indicate 
that the local NCOD depends sensitively on the interfacial strength, which allows us to 
determine the strength by such a comparison. It is found that the shape of the NCOD 
curve varies with the damage zone size at the crack tip. By the cohesive zone model, a 
damage zone with the opening displacement between δ0 and δc develops as the crack 































































Γ = 3J/m2(a) (b) 
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grows. As shown in Fig. 1.9 for the bilinear traction-separation relation, the opening 
displacement for damage initiation depends on the interfacial strength δ0 = σ0/K0. For a 
fixed interface toughness (Γ = 1.8J/m2), the critical opening displacement also depends 
on the interfacial strength, δc = 2Γ/σ0. As the strength increases, the window between the 
two opening displacements becomes narrower and the damage zone size decreases. At the 
limit of small-scale bridging, we approach the prediction by linear elastic fracture 
mechanics, with square-root dependence of the crack opening displacement, i.e., 
rn ~δ . On the other hand, when the strength decreases, the damage zone size increases. 
In the regime of large-scale bridging, the crack opening displacement scales with r 
differently. Figure 4.18 shows the calculated damage zone size as a function of the 
interfacial strength. Figure 4.19 shows the deformation and stress contours near the crack 
tip for two examples, with small-scale and large-scale bridging, respectively.  
 
 
Figure 4.17: Effect of interfacial strength on the NCOD corresponding to steady state for 
constant interface toughness Γ = 1.8J/m2.   





































Figure 4.19: Two examples for: (a) small-scale bridging, with σ0 = 40MPa; (b) large-
scale bridging with σ0 = 10MPa. The interface toughness is 1.8 J/m2 for both cases. 


































4.5 Determination of toughness and strength 
By examining the effects of interface toughness and strength on both the crack 
length and NCOD, we suggest a two-step procedure to determine the toughness and 
strength for the Si/epoxy interface as follows. First, the interface toughness is determined 
by comparing the steady-state crack length (ass): we can use a roughly estimated strength 
and vary the interface toughness to match the steady-state crack length measured by 
experiments. As shown in Fig. 4.20, the interface toughness is determined to be 1.8 J/m2. 
 
 
Figure 4.20: Comparison between FEA and experiment, for the steady-state crack length. 
 
Next, with the determined interface toughness, the interfacial strength is more 
precisely determined by comparing the local NCOD curves between the numerical 
simulation and the experimental measurements. A reasonable agreement is obtained by 
using σ0 =18MPa as shown in Fig. 4.21, where the error bars indicate the range of 
experimental errors. With the determined interfacial properties, Γ =1.8J/m2 and σ0 = 
18MPa, Fig. 4.22 shows comparison of the other NCOD curves between the numerical 
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model and the experimental measurements during the wedge loading process. The 
comparison shows that the NCOD curves by the numerical simulation match reasonably 
well with those by experimental measurements.  
 
 
Figure 4.21: Comparison between FEA and experiment for the steady-state NCOD, with 
interfacial strength σ0 =18MPa and the determined interface toughness. 
 
 
Figure 4.22: Near tip comparison of NCODs between FEA and experiments, with 
determined interfacial properties Γ =1.8J/m2 and σ0 =18MPa. 


















In summary, by combining experimental measurements with finite element 
modeling, a hybrid approach is developed in this chapter to determine the traction-
separation relation for a bimaterial interface. First, both analytical and finite element 
models are developed for wedge-loaded double cantilever beam specimens. The 
modeling results provide insightful details for crack opening and interfacial delamination. 
It is found that both the J-integral and the location of crack tip must be accurately 
measured to obtain the correct traction-separation relation. A trilayer finite element model 
is then constructed to account for the effect of the epoxy layer. By examining the effects 
of interfacial properties (toughness and strength) on the quantities measured in 
experiments (steady-state crack length and NCOD), a two-step fitting procedure is 
proposed to determine the interface toughness and strength by comparing the simulation 






In this dissertation, the approaches of LEFM and CZM are employed to study 
fracture and delamination of elastic thin films on compliant substrates under various 
loading conditions, with a focus on the effects of interfacial delamination. Furthermore, a 
hybrid approach combining numerical simulations with experimental measurements is 
developed to determine traction-separation relations for cohesive zone modeling of 
interfacial delamination.  
In Chapter 2, compression-induced buckling of elastic thin films on elastic 
compliant substrates is studied by analytical and numerical methods. First, without 
delamination, we present an analytical solution for wrinkling that takes into account the 
effects of Poisson’s ratio of the substrate. In comparison with a nonlinear finite element 
analysis, an approximate formula is derived to estimate the normal traction at the 
interface and to predict initiation of wrinkle-induced delamination. With a pre-existing 
delamination crack, the critical strain for the onset of buckling instability is predicted by 
a semi-analytical solution and by finite element eigenvalue analysis. It is found that, for 
an intermediate delamination size, the critical compressive strain for onset of buckling is 
lower than the previous solutions for both wrinkling and buckle-delamination. Nonlinear 
post-buckling analysis is then conducted to simulate concomitant wrinkling and buckle-
delamination, showing a long-range interaction between the two buckling modes through 
the compliant substrate. Finally, by using a layer of cohesive elements for the interface, 
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progressive co-evolution of wrinkling and delamination is simulated. In particular, the 
effects of interfacial properties (strength and toughness) on the initiation and propagation 
of wrinkling-induced interfacial delamination is examined. Relevant experimental 
observations and potential applications in thin-film metrology are discussed along with 
the theoretical and numerical results. 
Chapter 3 considers effects of interfacial delamination/substrate cracking on 
channel cracking in elastic thin films under tension. It is found that, depending on the 
elastic mismatch and the toughness of interface and substrate, a channel crack may grow 
with interfacial delamination and/or substrate cracking. An effective energy release rate 
for the steady-state growth of a channel crack is defined to account for the influence of 
interfacial delamination/substrate cracking on both the driving force and the fracture 
resistance, which can be significantly higher than the energy release rate assuming no 
interfacial delamination or substrate penetration. By comparing the effective energy 
release rate, the competition between the two fracture modes is discussed. Cohesive zone 
modeling is then employed to simulate the nucleation and growth of delamination and 
penetration cracks from the root of a channel crack. By comparing the results from the 
approaches of LEFM and CZM, the characteristic fracture resistance from small-scale 
bridging to large-scale bridging is identified. 
To determine the nonlinear traction-separation relation for cohesive zone 
modeling of a bimaterial interface, a hybrid approach is developed in Chapter 4. Both 
analytical and numerical models for wedge-loaded double cantilever beam specimens are 
developed. First, the results from a bilayer model show that both the J-integral and the 
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location of crack tip must be accurately measured to obtain the correct traction-separation 
relation. A trilayer finite element model is then constructed to account for the effect of 
the epoxy layer. By examining the effects of interface toughness and strength on the 
quantities measured in experiments, a two-step fitting procedure is proposed to determine 
the interface toughness and strength based on the measurements of the steady-state crack 
length and the local crack opening displacements. 
Extensions of foregoing studies are needed for future work. With respect to 
cohesive zone modeling of interfacial delamination, mode mix should be taken into 
account to explore the mixed-mode interfacial fracture behavior. The competition 
between delamination and penetration at the root of a channel crack could also be further 
investigated systematically. In addition, the discrepancy in the NCODs near the crack tip 
between finite element simulations and experimental measurements is yet to be resolved 




Appendix A: An alternative finite element method for post-buckling 
analysis 
 
One of the methods to analyze the post-buckling behavior of wrinkling and 
buckle-delamination is based upon coupling a linear elastic semi-infinite substrate to a 
nonlinear beam described by the von Karman theory. Due to the nonlinearity and the 
coupling between the normal and transverse displacements, we must resort to numerical 
methods to investigate the post-buckling behavior. Since the substrate is linear elastic and 
the beam is represented as 1D line elements, it is possible to generate solutions to this 
system with a 1D mesh without a 2D finite element mesh for the substrate. To accomplish 
this we draw upon the work of Carka and Landis [129] to develop the finite element 
equations, summarized here as follows. 
The principle of virtual work for the film/substrate system is written as 
( ) ( ) 0=+++ ∫∫ dxwqudxMN xx δτδδκδε     (A.1) 
Here, N is the axial force in the film, M is the bending moment, u and w are the 
tangential and normal displacements at the film/substrate interface, 
( ) 2/2/2 hwwuxx ′′−′+′=ε  is the axial strain at the mid-plane of the film, w ′′=κ  is the 
curvature, τ and q are the tangential and normal tractions at the interface. The constitutive 
response of the film is taken as, )1/( 2fxxf hEN νε −=  and )1(12/
23
ff hEM νκ −= . The 
novelty of the present method is in the treatment of the second term on the left-hand side 
of this equation. The method is based upon the realization that the solution in the 
substrate can be obtained analytically as an infinite series. Specifically, the displacement 
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and the traction at the film/substrate interface can be written in the form 



















s xnDCxnBAw πνπνμ   (A.2b) 















nn xnCnxnAnq ππππ        (A.2d) 
where  is the substrate shear modulus,  is the substrate Poisson’s ratio,  is the 
nominal strain, and , ,  and  are unknown coefficients that must be 
determined by linking to the finite element solution. This link is established by enforcing 
the weak form of displacement continuity at the interface as, 
( ) ( )[ ] 0=−+−∫ dxqwwuu sFEsFE δδτ     (A.3) 
Equation (A.3) is used to relate the unknown coefficients , ,  and  to 
the nodal displacements,  and Jw , from the finite-element solution. Note that  and 
FEw  are interpolated from  and Jw  through the shape functions  as 
 and ∑=
J
JJFE wNw . The procedure required to execute this step is 
detailed in Carka and Landis (2011). Ultimately the process leads to the result, 
( ) { } [ ]{ } { } { }sTNNTNdxwqu FuuKu δδδτδ +=+∫   (A.4) 
where  is the stiffness of the semi-infinite substrate,  is a set of nodal forces 
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associated with the nominal strain , and  is the array of nodal displacements. Note 
that the stiffness contribution relates the nodal displacements on the interface to the 
conjugate forces supplied by the substrate. This stiffness matrix is fully dense and 
symmetric.  
For the buckling analysis, a standard eigenvalue analysis procedure is 
implemented first. A standard Newton-Raphson method is implemented to deal with the 
nonlinearity associated with the first term of Equation (A.1) for post-buckling analyses. 
Perturbations in the initial displacement fields are introduced using the eigenmodes. 
Unlike the geometric imperfections used in the 2D finite element model, the initial 
displacement perturbations do not affect the equilibrium solution. The 1D finite element 
method is computationally more efficient than the 2D model. In addition, it eliminates the 
dependence on the substrate thickness in the 2D model. On the other hand, the use of the 




Appendix B: A semi-analytical solution for buckle-delamination 
 
Following the approach by Yu and Hutchinson [95], the plane-strain buckle-
delamination problem is solved by considering two parts as illustrated in Fig. B.1. The 
delaminated film is modeled by the nonlinear von Karman plate theory, and the 
remaining film/substrate system is treated as a linear elasticity problem. The two parts are 









Figure B.1: Schematic illustration of the plane-strain problem for buckle-delamination. 
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hE f ε  






where u and w are the in-plane and out-of-plane displacements of the film, ε is the 
nominal strain at the unbuckled state ( 0>ε  for compression), and T is the in-plane 
membrane force. 




















   (B.3) 
where M is the bending moment at the edge of delamination and 12/3hED f= . 












































1     (B.5) 
where DTb /=λ , and A1 is a constant to be determined. The rotation at the edge of 











     (B.6) 
For the remaining part of the film/substrate system, by dimensional considerations, 
the in-plane displacement, rotation and out-of plane displacement of the film at the edge 







1211 +==      (B.7) 














3231 +==      (B.9) 
where εfEhTF −= , and the coefficients ija  are to be determined numerically. By the 
reciprocal theorem, 1221 aa ≡ . 
Assuming continuity of the displacements and rotation at the edge of 





































































    (B.12) 
B.1 Critical strain 
Neglecting the nonlinear term, Eqs. (B.10) and (B.11) form a linear eigenvalue 















     (B.13) 
Recall that DTb=λ . The critical membrane force Tc is determined by the critical 
value of λ obtained from Eq. (B.13). The critical nominal strain ( *Bε ) for onset of buckling 
is then predicted by the relation *Bfc hET ε= . Rewriting Eq. (B.13) in terms of the critical 
strain, we obtain Eq. (2.21). 
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B.2 Post-buckling analysis 
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from which λ can be solved as a function of ε. The membrane force T is then obtained as 
DTb /=λ  .  
When *Bεε > , it can be shown that εhET f< . In other words, the membrane 
force is partly relaxed by buckling. With εfEhTF −= , the bending moment M is 
obtained from Eq. (B.14). Next, inserting Eq. (B.12) into (B.5), we obtain the buckle 
amplitude as 






















  (B.16) 
B.3 Calculating the coefficients aij 
To calculate the coefficients aij in Eqs. (B.7)-(B.9), Yu and Hutchinson [95] used 
an integral equation method. In the present study, they are calculated by a finite element 
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method. As illustrated in Fig. B.2, a 2D plane-strain finite element model is constructed 
using ABAQUS. To simulate a semi-infinite substrate, the thickness and length of the 
substrate in the finite element model must be sufficiently large. In our calculations, we set 
L = H = 1000h. The crack length d is zero for this calculation. The edge of the film at x = 
b is subjected to an axial force F and a bending moment M. The average displacements 
and rotation at the edge are calculated from the nodal displacements as 
( ) ( )∫== dyyuhbxu
1      (B.17) 
( ) ( )∫== ydyyuhbx 3
12θ     (B.18) 
( ) ( )∫== dyywhbxw
1      (B.19) 
By applying an arbitrary force F with M = 0, the coefficients 1ia  (i = 1, 2, 3) can 
be determined. Similarly, by applying an arbitrary moment M with F = 0, the coefficients 
2ia  can be determined.  
B.4 Energy release rate 
The energy release rate for growth of the interfacial crack may be calculated from 
the stress intensity factors [95]. However, the approach works only when the stress field 
at the crack tip exhibits the square-root singularity without oscillation [39]. For the 
present study, with 3/1== fs νν , we calculate the energy release rate directly by the 
method of J-integral. For this purpose, a short crack (d =h/2) is introduced at the interface 
in the finite element model (Fig. B.2). Quarter-point singular elements are used at the 
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crack tip. The axial force F and the bending moment M, obtained from the post-buckling 
analysis in Eqs. (B.15) and (B.14), are applied at the edge of the film.  
 
              
Figure B.2: Schematic of the finite element model used to calculate the coefficients aij 
and the energy release rate. The crack length d is zero for calculating aij. A symmetric 
boundary condition is assumed at the center of the delamination (x = 0), while the remote 
boundary at the right end is traction free. A mixed boundary condition is assumed at the 















Appendix C: Asymptotic solutions for short delamination crack from a 
channel root. 
  
This Appendix summarizes asymptotic solutions from previous studies [39, 100, 
130] for short delamination cracks emanating from the root of a channel crack (i.e., d/hf 
→0 in Fig. 3.3a), and presents comparisons with numerical results from the finite element 
model shown in Fig. 3.3.  
C.1 Zero elastic mismatch (α = β = 0) 
This is a case of crack kinking in a homogeneous solid. Without the interfacial 
delamination, the channel crack in the film is equivalent to a two-dimensional edge crack, 
with the stress intensity factor at the root 
ffI hK πσ1215.1=     (C.1) 
For a small crack segment (d << hf) kinking out of the plane of the edge crack, the 
stress intensity factors at the new crack tip are linearly related to the stress intensity 













     (C.2) 
where the coefficients, cij, depend on the kink angle, as given by Hayashi and Nemat-
Nasser [131]. Following He and Hutchinson [130], the coefficients can be written as 
RR DCc +=11 , II DCc −=21     (C.3) 
where C = CR + iCI and D = DR + iDI are two complex valued functions, with the 
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subscript R and I denoting their real and imaginary parts, respectively. An approximation 


















     (C.4) 
where ω is the kink angle. Cotterell and Rice [133] have shown that this approximation is 
asymptotically correct for small kink angles and is reasonably accurate for kink angles as 
large as 45° or even 90°, depending on the mode mix.  
For the present problem with a channel crack kinking into the interface, the kink 
angle is 90° and KII = 0. Under the plane strain condition, the energy release rate of the 
interfacial crack is  




















π +=+=→    (C.5) 
A comparison between Eq. (C.5) and Eq. (3.3) gives the dimensionless coefficient  
( ) ( )221211258.10 ccdZ d +=→ π    (C.6) 
Using the approximation in Eq. (C.4) with 2πω = , we obtain that 
4
2
11 =c ,  4
2
11 −=c     (C.7) 
Inserting (C.7) into (C.6) gives that 
( ) 9878.00 =→dZd      (C.8) 
This approximation agrees well with the numerical result shown in Fig. 3.4, where 




For a channel crack penetrating into the substrate, the kink angle is 0o and KII = 0. 
Similar to the case of interfacial crack, the dimensionless coefficient is 
( ) ( )221211258.10 ccdZ pp +=→ π    (C.9) 
Using the approximation in Eq. (C.4) with 0=ω , we obtain that 
111 =c , 021 =c      (C.10) 
Inserting (C.10) into (C.9) gives that 
( ) 9521.30 =→pp dZ      (C.11) 
This approximation agrees very well with the numerical result shown in Fig. 3.15, where 
Zp = 3.952 for 310−=fp hd . 
C.2 Crack deflection at a bimaterial interface 
For an interface between two elastic materials with general elastic mismatch, an 
asymptotic solution by He and Hutchinson [100] gives the energy release rate of the 
delamination crack emanating from a perpendicular channel crack (Fig. 3.3a, d << hf):  




































d  (C.12) 
where C and D are dimensionless, complex valued functions of α and β, k1 is a real 
valued constant representing the stress intensity at the root of the channel crack, and λ is 
determined by Eq. (3.6). This asymptotic solution leads to a power-law dependence of the 





















GZ      (C.13) 
160 
 
The normalized Zp function follows the same power law as Eq. (C.13) as dp→0. 
Figures C.1 and C.2 plot the numerical solutions of Zd from the finite element 
model (Fig. 3.3), in comparison with the asymptotic solution. When α < 0 (β = α/4), 0 < λ 
< 0.5 and the log-log plot of Zd vs. d/hf (Fig. C.1) approaches a straight line of positive 
slope (1-2λ > 0) as d/hf →0. When α > 0, λ > 0.5, and the log-log plot (Fig. C.2) 
approaches a straight line of negative slope (1-2λ < 0). When α = β = 0 (no elastic 
mismatch), λ = 0.5 and Zd approaches a constant with zero slope in the log-log plot (Fig. 
C.2). The comparisons show good agreement between the numerical results and the 
asymptotic power law for short delamination cracks. 
 
 
Figure C.1: Normalized energy release rate of interfacial delamination emanating from 
the root of a channel crack, for α = -0.99 and α = -0.6. The asymptotic power law, Eq. 
(C.13), is represented by the straight lines at the short crack limit with slopes, 1-2λ = 



















α=−0.99 (λ = 0.312)




Figure C.2: Normalized energy release rate of interfacial delamination emanating from 
the root of a channel crack, for α = 0, α = 0.2, and α = 0.6. The asymptotic power law, 
Eq. (C.13), is represented by the straight lines at the short crack limit with slopes, 1-2λ = 




















α=0  (λ = 0.5)
α=0.2 (λ = 0.542)
α=0.6 (λ = 0.654)
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Appendix D: A shear-lag model for initiation of interfacial delamination 
 
A shear-lag model is developed to predict the critical condition for initiation of 
interfacial delamination from the root of a channel crack for large-scale bridging. Figure 
D.1a shows a schematic diagram of the plane strain problem, with uniform normal 
traction σf acting onto the surface of the channel crack. The interfacial properties are 
represented by the bilinear traction-separation relation as illustrated in Fig. D.1b, with K0 
for the elastic stiffness, τ̂  for the interfacial strength, and Γi for the interface toughness. 








Figure D.1: (a) A schematic diagram of a film bonded to a rigid substrate, with uniform 
compression at one edge; (b) a bilinear relationship between the shear traction and 
displacement. 
 






















where σ(x) is the normal stress in the film, assumed to be uniform across the film 
thickness, and τ(x) denotes the interfacial shear stress. 
By the linear strain-displacement relation and the linear elastic constitutive 
relation for the film, the stress is related to the displacement (u) as 
( )
dx
duEx f=σ      (D.2) 





uδ . For the 
bilinear interfacial properties illustrated in Fig. D.1b, the problem can be solved in two 
steps: (1) the interface is in the elastic regime when 0
* δδ < ; (2) when 0
* δδ > , a damage 
zone of size c is formed along the interface (0 < x < c), and beyond the damage zone (x > 
c), the interface remains elastic. Initiation of a delamination crack is then predicted when 
cδδ =
* . 
In this analysis, the substrate is assumed to be rigid so that the deformation of the 
substrate is neglected. 
D.1 Elastic regime of the interface  
With a relatively small stress σf, the entire interface is in the elastic regime, and 
the shear traction along the interface is related to the shear displacement by  
( ) ( )xuKx 0=τ      (D.3) 










=     (D.4) 
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The film is taken to be infinitely long with zero displacement at infinity (x→∞). 
































=* . Thus, the entire 
interface is in the elastic regime if 0






τ̂σ < .  
D.2 Damage along the interface 
When cδδ >
* , a damage zone forms along the interface. Within the damage zone 










c ux     (D.6) 














ud     (D.7) 
Solving Eq. (D.7), the shear displacement in the damage zone of the interface is obtained 
in the form: 






















Beyond the damage zone (x > c), the interface remains elastic, and the shear stress 
τ(x) is related to the shear displacement u(x) by the linear relationship as in Eq. (D.3). 
With the boundary condition of zero displacement at infinity, the shear displacement in 










xAxu λexp      (D.9) 
To determine the three coefficients in Eqs. (D.8) and (D.9), the traction boundary 
conditions at x = 0 and the continuity conditions at x = c are applied as, 
( ) fx σσ −== 0 , ( ) ( )+− === cxcx σσ , and ( ) ( ) 0δ==== +− cxucxu  (D.10) 
With an additional condition in Eq. (D.10), the damage zone size can also be determined. 
We obtain the displacement in the two parts: 































cxcxu λδ exp0     (D.12) 
In addition, the damage zone size c is governed by: 





sin12cos fkckc =−+    (D.13) 
The shear displacement at the root of the channel crack is thus  
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σδδδ +−−=    (D.14) 
Initiation of interfacial delamination is predicted when ( ) cxu δ== 0 , which gives the 









=      (D.15) 
where cf is the final damage zone. Plug Eq. (D.15) into (D.13), cf can be solved by the 
equation, 
















kc ξ    (D.16) 
Eqs. (D.12) and (D.13) show that for fixed elastic stiffness K0, the size of the fully 
formed damage zone, and consequently the normalized critical normal traction, at 
delamination initiation only depend on the fracture length scale, which is proportional to 
the normalized value 20 τ̂iK Γ . 
Note that the above shear-lag model assumes the rigid substrate. To consider the 
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